A Spinor Approach to Walker Geometry 



Abstract 

A four-dimensional Walker geometry is a four-dimensional manifold M with a neutral metric g and a parallel 
distribution of totally null two-planes. This distribution has a natural characterization as a projective spinor 
field subject to a certain constraint. Spinors therefore provide a natural tool for studying Walker geometry, 
which we exploit to draw together several themes in recent explicit studies of Walker geometry and in other 
work of Dunajski [11] and Plebanski [30] in which Walker geometry is implicit. In addition to studying local 
Walker geometry, we address a global question raised by the use of spinors. 
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1. Introduction 



Our conventions and notation for the tensor and exterior algebras and curvature are stipulated in Ap- 
pendix One. Let (M, g) be a pseudo-Riemannian manifold of dimension n and V a parallel distribution 
of g-planes on M, i.e., V is invariant under parallel translation. Let Vm be the plane at m G M. Write 
Vm = Nm ® Qm where Nm ■= ker {£,g\v^) (where is defined just after (A1.2)) and Qm is a nondegenerate 
linear complement of Nm- If Nm = (0)r, then Vm is itself nondegenerate and possesses a uniqiie orthog- 
onal complement V^, the latter forming a parallel (n — Q')-distribution. The almost product structure P 
corresponding to these complementary distributions is therefore orthogonal and parallel. Since is tor- 
sion free, P must be integrablc and {M,g,P) is locally decomposable pseudo-Riemannian, i.e., M is locally 
product and each point m has a neighbourhood U with local coordinates {u^, x^) which are simultaneously 
Probenius for each distribution and with respect to which {U,g) is a pseudo-Riemannian product; see, for 
example, [47]. 

Walker [41] studied the case when is nontrivial, showed one can choose local coordinates with respect 
to which the metric assumes a canonical form in [43], and treated the special case when = -^m in [42]. 
When (M, g) is 2n-dimensional, g is of neutral signature, and there exists a parallel distribution of totally 
null n-planes, we shall call this very natural geometry (M, g, V) a WaiJcer geometry. 

Walker geometry has proven of utility in several topics of independent interest: the holonomy Lie algebras 
of four-dimensional neutral metrics, [13]; isotropic Kahler metrics, [10] and [9]; the Osserman condition on the 
Jacobi operator, [2] and [8]; the Osserman condition on the conformal Jacobi operator, [4]; while Matsushita 
et al. [25] present a Walker geometry on an 8-torus which is a counterexample to the neutral analogue of the 
Goldberg conjecture, which asserts the integrability of the almost complex structure underlying an almost 
Kahler-Einstein Riemannian geometry on a compact manifold. 

Of course, the structure of a Walker geometry is very natural in the context of neutral geometry, and 
has been investigated for its own interest: [22], [23] and [5]. In this paper, we show that four-dimensional 
Walker geometry has an intimate connexion with spinors and relate this fact to the local geometry of Walker 
four-manifolds. In the remainder of this introduction, we first make a few simple observations regarding 
arbitrary Walker geometry and then outline the subsequent sections of this paper. We first quote a result 
from [41]. 

1.1 Lemma 

A distribution V on a pseudo-Riemannian manifold is parallel iff VyX e V for all (local) sections X of 
V and arbitrary (local) vector fields Y. Consequently, a parallel distribution is integrable and the integral 
surfaces are totally geodesic. 

Now let (M, g, V) be a Walker geometry of dimension 2n. Walker [42] showed that one can find local 
coordinates (a;^, . . . , a;", y^,. . . , y") =: {x^, y^), A = 1, . . . ,n, and hence an atlas of such, so that V = { d^A : 
A = 1, . . . , n )r and with respect to which the metric takes the canonical form 




where W is an unspecified symmetric matrix (lower case concrete indices take values 1, . . . ,2n and upper 
case concrete indices 1, . . . ,n). We call any coordinates, with respect to which the metric takes Walker's 
canonical form (1.1), Walker coordinates. 

Consider two charts of Walker coordinates {x^,y^) and {u^,v^) with nontrivial intersection. Since 
V = ( A :A=l,...,n)R, = ( 9„a : A = l,...,n)R, the Jacobian for the transformation between the two 
coordinate systems is of the form 
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Since both coordinates systems are Walker, the metric has components of the form (1.1) with respect to 
each, i.e., on the intersection, g = '^Jg'J, where g and g' are each of the form (1.1), from which one deduces 
that 

J--={^ ^]-io ^B-') ^1^^"^^ det(J) = l. (1.2) 



Note that 




= J-'=[V -'''rT'']- (1-3) 



0„ 



1.2 Lemma 

The atlas {{x^,y^)} of Walker coordinates defines a canonical orientation for M, given by the orientation 
class [d^i, . . . , dx", dyi, . . . , dy^] of the coordinaie basis, and may be represented in the customary fashion by 



the equivalence class [d^i A ... A dx^ A dyi A . . . A dy 



m 



(A2"(TtoM))/R+ ^ S° or the equivalence class 



[dx^ A ... A dx" A A ... A dy"] in (A2"((r„M).)) /R+ ^ 8°. Indeed, the globally defined 2n-form 

n:=dx^ A-.-dx"" Ady^ A-.-dy"" (1.4) 

is in fact the volume form for {M, g) and the following 2n-vector is also globally defined and equals the volume 
element V: 

A . . . A dx" A dyi A . . . A dy^ . 

Thus, only orientable even- dimensional manifolds can admit a Walker geometry. 
Proof. These assertions follow immediately from (1.2-3) and 



On In 
In W 



{-IT 
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W In 



(-!)"• 



(1.5) 



1.3 Observation 

Observe that : S^-a i— s- dy^ while : dyP^ ^ dx^ + terms in (ij/'s, whence one computes 

-.V = A . . . Adxr^ Adyi A . . . Adyr. ^ {-lydx^ A ... A dx" A A ... A dy", 

which concurs with (A1.3). 

Now V = {dxi , . . . , dx")R = ker(j(dyi A ... A dy")) . Thus, V can be characterized by its image under 
the Pliicker mapping, viz., A . . . A 9^^-] € P(A"(rM)) or by [dy^ A ... A dy"] G P (A"((rM).)). 

One computes that dy^ A ... A dy" is SD as an element of A"(TM,) with respect to the Hodge star 
operator defined by the canonical orientation and g. By (A1.6), 

Cg-'(dyi A ... A dy") = ^;\*dy' A ... A dy") = (-1)" * C;\dy' A ... A dy") 

i.e., 

A . . . A dxn = (-l)"5^i A...Adxn. (1.6) 

Thus, while dy^ A ... A dy" is always SD, d^i A ... A d^n is SD/ASD according as n is even/odd. 

1.4 Observation 
From (1.2) and (1.3) 

dxiA...Adxn= det(S)9„i A . . . A a„n dy^ A . . . A dy" = dei{''B)dv^ A . . . A dw" 
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and dct(_B) > is the condition for tlic induced orientations on 2? to agree;. Interchanging any with 
any distinct and with yields another set of Walker coordinates with the opposite orientation for 
T> (but of course the same orientation for M). Thus, supposing D is indeed orientable, given a specified 
orientation for V, one can choose a subatlas of Walker coordinates whose induced orientation on D agrees 
with the specified one. 

For four-dimensional Walker geometries. Walker coordinates will typically be denoted (u, v, x, y) and W 
in (1.1) is written 

^=(: 0- ^'-'^ 

In Appendix One, in addition to stipulating our conventions and some notation, we have collected together 
the expressions of standard objects with respect to Walker coordinates. We recast this information into 
spinorial form in §2, which focuses on the local geometry of four-dimensional Walker geometry. Appendix 
Two contains the essential background in spinors for four-dimensional neutral geometry we require. In §3, we 
impose a natural condition on four-dimensional Walker geometry and thereby refine a result of Dunajski [11]. 
In §4, we consider another natural restriction on Walker geometry; namely, the existence of a complementary 
parallel totally null distribution and demonstrate that some previously known formalisms arise naturally as 
special cases of Walker geometry. Finally, in §5, we address a global issue that arises naturally in the spinor 
approach to four- dimensional Walker geometry. 

2. Local Four-Dimensional Walker Geometry 

Let P be a totally null two-pane in the four- dimensional, pseudo-Euclidean linear space R^'^ of neutral 

signature. Under the identification (A2.1), any two linearly independent elements of P can be written in 
the form n^X^ and y.'^v^ . Orthogonality requires at least one of k^/id = and i^o' = 0, i.e., either 
K"^ OC or A^ oc . In the latter case, P takes the form {r]^X^ : r]^ G S}, in the former case 
{kV' --v^' eS'}. 

As is well known, the quadric Grassmannian Q2 (R^'^) of totally null two-planes in R^'^ is homeomorphic 
to 0(2), and can be described as the planes of the form { (x, L{x)) : a; e R^ }, parametrized by i e 0(2). 
Under the identification (A2.1), each element, called an a-plane, of the component Q2 (R^'^) ^ SO(2) 
takes the form := { A^tt^ : X^ € S}, for some [tt^ ] € PS' = S^, while each element, called a (3- 
plane, of the component Q2 (R^'^) ^ ASO(2) takes the form W[c^ := {a^X^' : X^' G S'}, for some 
[a^] GPS ^ S^. Under the Pliicker embedding of G2 (R^) into P (A^ (R^)) ^ RP^ the element 
of Q2 (R^'^) is mapped to the projective class of the SD bivector e^^T!"^ tt^ while the element W[a-] of 
Q2 (R^'^) is mapped to the projective class of the ASD bivector a^^a^e"^ ^ , see (A2.2- 3). 

A SD bivector F"-^ is simple iff null, F°-^Fab = 0, which, with F"'' = e'^^tp^'^' , in turn is equivalent to 
ip^''^' null, i.e., V^'-^' = tt^'tt^', for some tt^' (see [28], §3.5). 

Thus, the Pliicker embedding of (R^'^) is precisely the intersection of P (Aj_ (R^'^)) with the pro- 
jectivized subset of simple bivectors. which is a quadric surface in RP^. The standard basis of R^'^ yields, 
via (A1.17), a *-0N basis for A^ (R^-^) which provides an explicit isomorphism A^ (R^'^) = (R-^'^) Q 
A?_ (R^'^) = R-'^'^ Q R'^'^ (Q denotes orthogonal direct sum) in which the space of simple SD/ASD bivectors 
is precisely the null cone in Aj_ (R^'^) , whence the Pliicker embedding of Qf (R^'^) is identified with the 
space of generators of that null cone, i.e., with S^. 

Thus, the image of an a//3-plane under the Pliicker mapping is the projective class of a SD/ASD 
bivector, whence they are also cahed SD/ASD planes. Moreover, if P = (Vi,V2)r, with ^* := ^g{Vi), then 
ker(j(0i Ad^) = P and, by (A1.6), (p^ A is SD/ASD according as Vi A V2 is SD/ASD. Note that the 
employment of spinors to obtain this correspondence between the components of Q2 (R^'^) and SD/ASD 
simple bivectors is of course not necessary. 

Now let (M, g) be a connected, neutral four-dimensional manifold. Since any Walker manifold has a 
canonical orientation, we shall assume, without loss of generality, that M is orientable. Let D be a totally 
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null two-dimensional distribution on {M,g). Thus, each is either an a-plane or /3-plane in T^M. In 
fact: 



2.1 Lemma 

T> is a field of a-planes or a field of f3-planes. 

Proof. Since M is oricntable, there is a globally consistent notion of duality in A^(TM) and A^((TM),). 
Let U := {m £ M : Vm is SD}. For p G U, choose a neighbourhood ^ of p on which there are smooth 
vector fields v and w spanning T>. Then ip := v Aw is SD at p whence the continuous bivector tp + *tp (which 
equals cither 2ijj or zero) is nonzero at p and thus near p. It follows that U is open. The complement of U 
is open by a similar argument. 

By 1.3, the distribution of a four-dimensional Walker geometry is SD with respect to the canonical 
orientation and, as we shall always adopt the canonical orientation, thus a distribution of a-planes. (For any 
set of Walker coordinates {u, v, x, y), (Al. 18-20) confirms that duAdv = sf — S3 is indeed SD with respect 
to the canonical orientation.) 

Let, therefore, X> be a distribution of a-planes, i.e., every element of T>m is of the form rj^n^ , with 
[tt^ ] fixed at m and rj^ arbitrary. This statement only makes use of spinors locally. Supposing that (Af, g) 
is SO+-orientable, i.e., admits a reduction to SO+(2,2), then one can construct a bundle B of SO+- 
oriented frames. Locally, one can construct a bundle of spin frames as a two-fold cover of the restriction 
of the bundle of SO^-orientcd frames and, equally locally, associated bimdles of spinors. The obstruction 
to gluing these local bundles together to obtain a two-fold covering of B and associated bundles over M of 
spinors arises from the sign ambiguity in the two-fold covering of SO+(2, 2) by Spin+(2, 2) when nontrivial 
topology (specifically, the second Sticfcl- Whitney class) of M can obstruct a consistent choice of signs. But 
this problem does not arise when one employs the local lifts of transition functions for B to glue together 
local (trivial) bundles of projective classes of spinors. Thus, PSm is well defined, provided (M, g) is SO+- 
orientable, and unique (distinct spin structures arise from different ways of choosing signs, but the ambiguity 
at a point is always one of sign). 

Hence, when {M,g) is SO+-orientable, the distribution T> is equivalent to a global section ofPS'j^. In 
the absence of this orientability condition, this characterization is purely local. The section [n^ ], whether 
understood locally or globally, will be called the projective spinor field defining V (locally or globally). 

2.2 Local Lifts of [tt^ ] 

Let U he a, neighbourhood over which all bundles are trivial. Construct a trivial bundle of projective spinors 
on U (cither by restriction if FS'j^j exists or otherwise by direct construction) and also construct trivial 
spinor bundles S'u, with fibre S' and Su with fibre S. Using the isomorphism (A2.1), one can construct an 
isomorphism TM\u = 5c/ 5^. Applying this isomorphism to a local smooth element of Die/ yields a spinor 
representation of the vector field in the form X^n^ , where these spinors are defined up to scaling freedom 
TT'^ fir^ and A"^ /~^A"*, for any nonvanishing smooth function / on U. The spinor projects onto 
[tt"^ ]. Any local spinor field which projects onto [n^ ] will be called a a local scaled representative (LSR) of 
[tt^']. 

Employing any such LSR to describe V, one easily checks that integrability of V is equivalent to 

TTA-Tr^VfaTT^' = 0, (2.1) 

noting that if this equation holds for some LSR then it holds for any. When integrable, the integral 
manifolds of V will be called a-surfaces. Thus, when V is integrable, M is foliated by a-surfaces. 
By 1.1, a distribution V of a-planes is parallel iff 

TTA'VfcTT^' = 0, (2.2) 

which, like (2.1), if true for some LSR of [n^'] is true for any. (2.2) is equivalent to 

VbTT^' =P67r^', (2.3) 
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where the one-form Ph depends on the LSR tt^ as follows: 

under n^' ^ fn^' Pb^Pb + f-^Vbf. (2.4) 

Equation (2.3) expresses the fact that the LSR is recurrent, see Walker (1949). Indeed, Walker (1949), 
§5, characterized the condition for a distribution to be parallel in terms of recurrence, which, in the present 
circumstances, amounts to (2.3). 

The condition (2.1) in Lorentzian signature characterizes shear-free geodetic null congruences, see [29], 
§7.3. For complex spacetimes, the condition (2.1) is most usefully interpreted as describing distributions of 
totally null complex two-planes, see [29](7.3.18) and, for example, [31] and [3]. The geometrical interpretation 
of (2.1) in neutral geometry is thus a natural real analogue of that complex spacetime geometry. Walker 
geometry is therefore a specialization of the real neutral analogue of this complex geometry and those familiar 
with complex general relativity will recognize the parallels. 

2.3 Walker's Canonical Form [42] 

Suppose that V is a parallel distribution of a-planes with projective spinor field [n"^ ]. Let {p,q,x,y) be 
Frobenius coordinates for (the integrable) V. Since dx and dy are zero when restricted to the distribution, 
one can write, for any LSR , 

dx = jJLAi^A' dy = uat^A' with f^^o 7^ 0. 

The vector fields := ^jl^tt^' and V := i/^tt^' span V. Noting that VbVc = ^b^cV = VcVby = VcH, 
then 

[/''Vfe^" = g'"'U''VbVc 

= g"'''U''nB'(S cVb) + g°''^U^VB{y cT^B') (the first summand of which is zero) 

= U^VBTTB'P'' = 0. 

Similarly, V^''Vfaf/" = and it follows that [U,V] = U'^^bV - V''VbU'' = 0. The pair of equations 
Uf — 1, V f = have trivial integrability conditions (see [42]), as do the equations Ug = 0, Vg = 1. Let 
u and V be solutions of these systems respectively. Let B be the nonsingular matrix expressing {dp,dq} in 
terms of {U, V} (both are frames of V). Then, by the definition of u and v, 

d{u,v,x,y) ^ f B C\ 
d{p,q,x,y) VO2 I2J 

is nonsingular, whence {u,v,x,y) are legitimate local coordinates. Computing the metric g"**: it vanishes on 
{dx,dy)ii; g{du,dx) = du{U) = U{u) = 1; g{du,dy) = du{V) = V{u) = 0; g{dv,dx) = dv{U) = U{v) = 0; 
and g{dv,dy) = dv{V) = V{v) = 1; which together give the form (1.1) of Walker's canonical form. 

From Walker's canonical form for these coordinates, one observes that JJ" g^^{dx)b = du and := 
g°'^{dy)b = d„, i.e., the Walker coordinates are Frobenius coordinates for V satisfying 

du = fi^i^^ dv = v^ir"^ dx = hat^A' dy = vatta' with u^fiD ^ 0. (2.5) 



2.4 Remarks 

From (2.5) 

dx Ady = {i^^iiD)eABTTA'TTB' =: {v^ tJ'D)'^^ duAdy = {v^ iid)^^^'!^'^' t^^' =■ (i^^ ^10)^-^ 

(2.6) 
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If one replaces tt'^ by fn^ , then one must replace /i by /x//, z/ by ly/f, whence iid by {v^ jio) / f"^ ■ Thus, 
a suitable scaling yields an LSR tt^ so that ijld = ±1, whence dx A dy = icTTr and du A dy = ±S^. 
Thus, given any Walker coordinates {u,v,x,y), there is an LSR tt^ such that 

dx Ady = ±0-^, du A dy = ±12^^ (2.7) 

and this LSR is unique up to sign. 

If V is orientable, then one can choose an atlas of Walker coordinates so that 9„ A dy defines a consistent 
orientation on T>, see 1.4. Thus, for an orientable distribution, one can choose an atlas of Walker coordinates 
so that (2.7) holds with constant sign for all charts of the atlas. We will have more to say about orientability 
of D in §5. 

If {u,v,x,y) are Walker coordinates, by (A1.7) so are {v,u,y,x). Hence, by breaking the Walker 
symmetry (A1.7), it is always possible to choose Walker coordinates (u, v, x, y) for which the plus sign occurs 
in (2.7). For such Walker coordinates, and the LSR tt"* determined by (2.7), we will write 

a„ = a^7r^' a^=/3^7r^' dx = aATTA' dy = (3A-KA', (2.8) 

where {a"^,/?"^} is an (unprimed) spin frame. 



2.5 Proposition 

The projective spinor [n^ ] of a Walker geometry {M^g^V, [n^ ]) is a Weyl Principal Spinor (WPS, see [19]) 
of multiplicity at least two. Indeed, any LSR tt^ satisfies 



^A'B'C'D'Tt^'tt^' + 2K'!iA'i^B' = 0. 



(2.9) 



S = Q. 



Thus, [tt ] is a WPS of multiplicity at least three in scalar-flat Walker geometries and yV"*" = 
Moreover, [k^ ] is also a principal spinor of the Ricci spinor ^aba' b' , whence the Einstein endomorphism 
Cb = 2$^^'bb/ maps V to itself (see A1.8. 

Proof. Working with some LSR tt^ of [tt^ ], 

= (TTA'VbTT^') = TTA'nn^' + (V^A') (VftTT^') . 

Since the second term vanishes by (2.3), then 

= TTA' □ TT^' . 

Furthermore, 

since the second term in the sum again vanishes by (2.3). Using (A2.8), 



Vg,Vfe = -VscVf, = - 



□ C'B' + VsfC'Vg/] 



□ c'B' + -ec'B'D 



Thus, one obtains from the previous calculation 



= TT 



A' 



1 

HCB'T^A' + -j^^CB'^TTA' 



^C'B'A'D'T^^ — ATTces'A' — AecA'TTs' 



by (A2.9) and (2.10) 



(2.10) 
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Transvecting by tt*^ shows that [w^ ] is a WPS of multipUcity at least two. 
Similarly, 

= Vg'(7r^'V67r^0 



1 



A' 

— TT HCBT^A' 

— ^CBA'D'T^ TT . 



(One can write 

^ABA'B' = ^ABl^A'T^B' + BabT^(A'^B') + CaB^A'^B', 

where ttd' = 1 and Aab, Bab, and Cab are symmetric. ^aba'B'T^^ tt^ = entails C^s = 0.) 



2.6 Classification of the SD Weyl Curvature Endomorphism 

The classification of the Weyl curvature endomorphisms of four-dimensional neutral metrics according to 
their Jordan canonical form (JCF) was given in [17] and according to the algebraic structure of the cor- 
responding Weyl spinors in [19]. By 2.5, the SD Weyl spinor of any four-dimensional Walker geometry is 
algebraically special. From (A1.27), the eigenvalues of the SD Weyl curvature endomorphism >V+ of any 
four-dimensional Walker geometry are —S/6, S/12, and S/12 and Diaz- Ramos et al. [8] determined the Jor- 
dan canonical forms of W"*". Here we refine their result. For any eigenvalue, let m(M) denote the algebraic 
(geometric) multiplicity. There arc four cases; see (Al. 23-24) for notation: 

i) 5 ^ but S"^ + AS + = 0; W+ can be diagonalized and has JCF 




— S/Q has m = M = 1; 5/12 has m = M = 2. Since [k^ ] is a real WPS of multiplicity at least two, from 
[19], p. 2106, this information indicates W"*" must be of type {22}Ia, and the multiphcity of [k^ ] is exactly 
two. 

u) 5 7^ and S"^ + AS + ^ 0; W+ has JCF 




-S'/6_has m = M = 1; S/12 has M = 1, m = 2. It follows from [19], p. 2106, that W+ is of type {211}II 

or {112}II; in each case the double WPS must be [tt^ ]. 

iii) S = Q, B = Q, A ^ Q; from (A1.25), the matrix representation of W"*" is 

with JCF 





and is the only eigenvalue, with M = 2. Prom [19], p. 2106, W"*" must be type {4}II, i.e., ^a'B'C'D' is 
nuU with four-fold WPS [tt^']. 

iv) 5 = but B 7^ 0; W+ has JCF J3(0), i.e., is the only eigenvalue and M = 1. From [19], p. 2106, W+ 
is of type {31}III and [tt"^ ] is a WPS of multiplicity three. 
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2.7 Remark 

Since W"*" is algebraically special, it is never, in particnlar, of type lb, see [17] and [19]. If, therefore, {M,g) 
is compact Einstein, then xi^) ^ 3r(M)/2, see [17], [26]. If further, W~ is not of type lb, then in fact 
x{M) < — 3|t(M)|/2 < 0. This conclusion holds if (M,g) is a compact Einstein Walker geometry which is, 
for example: SD (W = 0); or algebraically special in W~; or Kahler with the orientation induced by the 
complex structure agreeing with the Walker canonical orientation, in which case W~ is of type la, see [15]. 
Examples of four-dimensional Walker geometries with ASD Weyl curvature of type lb are presented in [4]. 



In 2.6 we relied upon the computations recorded in Appendix One and the result of Dfaz-Ramos et 
al. [8] which is also based on these computations. A systematic development of spinor analysis of Walker 
geometry would proceed by computing the neutral analogues of spin coefficients, [28], §4.5, and thence 
the spinor equivalents of the curvature. The notation for spin coefficients for neutral signature, however, 
requires modification of that employed in Lorentz signature; e.g., the priming operation of [28] (4.5.17) is 
not appropriate for neutral signature. Spin coefficients for neutral signature will be presented elsewhere; 
here we shall follow expediency and further exploit the known results of Appendix One to deduce the spinor 
equivalents of curvature. 

To this end. Walker's canonical form for the metric 

ds^ = 2dx{du + ^dx + ^dy) — 2dy{—dv — ^dx — -^dy), 
suggests utilizing the following null tetrad: 

a c c h 

£a dx rha := dy Ua := du + —dx + -dy ma := —{dv + -dx + 2^2/)' 

which we shall call the Walker null tetrad associated to a set of Walker coordinates. 

The null tetrad determines unique (up to an overall sign) spin frames. In particular, assuming we have 
chosen Walker coordinates (u.v.x.y) and a LSR so that (2.8) is satisfied, write = i^'^C'^ , where 
C^'ttd' + p. Then n^faa = implies 13d = 0. So n" = /J^^-^', with ^^'ttd' ^ 0. But then n'^ea = 1 
implies wn' = 1. Writing m° = j^k,^ , then m°-ma = —1 but m°'ia = implies j^ao = 0. Then, 
m°'na = implies ^d' = 0, whence m'^ = Aa"^^"^ , for some A G R. But then m.°"iha = — 1 implies 
A = 1. Thus, {a"^,/3^} and {n^ } are the unique (up to an overall sign) spin frames associated to the 
null tetrad, and 



£a = dx = aA-KA' rha = dy = Pat^A' 

d c c b 

na = du+ -dx + -dy = PaU' = -{dv + -dx + -dy) = a^^A' 



(2-11) 



-^du - + d, = P^e' = ^du + -dy = a^e' 



Note that [du-, <%,., dx, dy] = \£°' , rfi"-, n", — m°], the latter being a Witt frame which reduces to the standard 
Witt frame for R^'^ = when a = b = c = (R^b being the standard hyperbolic four- dimensional pseudo- 
Euclidean space as in [32]). 

Prom the null tetrad, one constructs a ^f-ON basis as follows: 

t/-=i^(r + n»)^i=(^.„-£.„ + a. 



y«:=-^(^-m«) = ^(^--.„ + ^a„ + a. 



1 1 / c„ 2-6. 

x«:=i=(r-n«) = i=(^a„ + £a.-a. 



(2.12) 
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We note that [f/" , , X", y"] = [du,dy,dx,dy\, i.e., the *-0N frame (2.12) has the canonical orientation; 
moreover it is well behaved under the Walker symmetry (A1.7): [/" and X" <-> . 

Prom (2.12) and (A1.17), one obtains the following ^-ON bases for the spaces of SD and ASD bivectors: 



^+ U°- hV^ + X°- h 



^/2 

1 { A + ah-c^ 



2\/2 V 



2 



du /\dv + cdu A 9a; — cidu A 9y + bdy Ad^ — cd^ Ady + 2dx A dy 



5^2 := = AOa:+dyA dy); 

St := ^°Ay^-y-AX^ ^^_^3^ 

v2 



1 /4-a6 + c2 



2V2 V 



2 



du Ady — cdu A 9x + ac^u Ady — hdy Adx+ cdy Ady — 2dx A dy 



U-AV^-X-A 1 / (a + 6) „ n . n 1 

5i := j= = --j= I — du Ady + duAdy-dyAdx); 



^/2 




U" AX^- V 


AY^ 


^/2 




[/" A y** + V"- 


AX'' 



52 •■= = "^("^^^ Ady- duAdx + dyA dy); 

53 := ^ — '-^^ = {~2~^'^ Ady- duAdy- dy A d^ . 
Writing these (A)SD bivectors in terms of spinors: 

_ A m'' - n" A m'' _ e^^(7r^'7r^' + e'^') _ ab.a'b' 

_ n« A m'' - r A to'' _ {a^a^ + (3^ I3^)e'^' ^' _ a'b' 

- 71 " 71 ~'' ' ' 

u u ( ^P)f^B„(A' tB') ^AB/\A'B' . 

± _ n«A^''±TO»ATO'' _ J ~^2e tt^ ^ > — A3 , 



72 



-72a(^/3^)e^'^' =: -A^^e^'^'; 



^+ _ r A to" + n° A to'' _ e^^i-K^'n^' - e'^') _ ab.a'b' 

- 71 " 71 ---^ ^2 ; 

_ n-^ A to'' + r A to'' _ (a^a^ - /3^/3^)e^'-'^' 
03 — ^ — ^ — I ^0 c 



72 72 



Noting the conventions of Appendix One, and putting 



the SD Weyl curvature endomorphism satisfies: 

+Z,+c'j:=W+i+Z,) 



^^AB^ ,j,A'B' CDaC'D' 



2 

AB,f,A'B' A Co' 

3 



=: e^-'^Af (2.15) 
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i.e., the matrix representation +C of W+ (acting on A^, the space of SD bivectors) with respect to the basis 
\^ Z\,^ Zi,^ Z-i\ coincides with the matrix representation ^ of the endomorphism ^ c'D' (acting on 
the space S' 5' of symmetric rank two primed spinors) with respect to the basis {A^-^ ,A^^ jAg^ }. 
Similarly, the matrix representation of the ASD Weyl curvature endomorphism W" (acting on A^) 
with respect to the basis Zi, ^ Z2, ".^3} coincides with the matrix representation ^ of the endomorphism 
^"^^CD (acting onSQS) with respect to the basis {A^^ , Af^ , A^^}. 

From the matrix representations of and given in (A1.21— 25) with respect to the bases (A1.19- 
20) of A^ and A?_, one can calculate +C and ^C. From the expression for ^ given in [19], equation (20), 
and its analogue for 4^, one can then compute '^abcd and a'B'CD' themselves. 

Prom (2.13) and (Al. 19-20), one finds 



St 



4\/2 



((c^ + 5)s^ - 2cst - (c^ + 3)sJ) 



Now, (2.14) and (2.16) entaih 



~4x/2 



82 — —^{csi — S2 



V2 



csi 



((3 - c^)st + 2cst + (c - 52)4) 

(2.16) 



5o- = -*2 



^/2 



+^1 



1 



4\/2 
1 

4V2 
1 



((c^ + 5)s^ - 2csJ - (c^ + 3)s^) 

((3-c2),s+ + 2c4 + (c-52)4) 



+^3 = ^(-cs^+4 + c4)- 
The matrix J expressing the Zi in terms of the is therefore 



(2.17) 



J 




3 - c2 -4c ' 

2c 4 
0^-5 4c 



whence J = — 




(2.1^ 



Hence, from (A1.25), 
+C = 



A-6Bc-3S{c'^ + 1) -A + 6BC+ S{3c^ -1) 6{B + Sc)' 
6Bc - 5(3c2 - 1) -A + 6Bc + 5(3c2 - 5) 6(5 + Sc) 
-6{B + Sc) 6{B + Sc) 8S 




(2.19) 



Equating this expression to the tilde version of [19] (20) one finds: 



*o = = *i 
whence 



^ 12 



*3 = - 



{B + Sc) 



^4 = 



6Bc- A + S{3c'^ - 1) 
24 



(2.20) 



B'C'D' 



— ■K{A'T^B'£.C'£,D') 



B + Sc ^ 6Bc- A + S{3c^ ~1) 

^ 7r(^/7r_B'7rc"?D') H ^ TTA'TTB'TTC'TfD' ■ (2.21) 



From (2.20-21), one can obtain the results of 2.6 directly. Referring to [19](22-24), one computes / — 5*^/24, 
J = -S'V288, whence P = 6J2, and = (A + S'/6)(A - 5/12)2 ^j^^ eigenvalue equation for ^^'^'cd'- 
The expression (2.21) confirms 2.5: [tta'] is a real WPS of multiplicity at least two, and of multiplicity 
at least three when 5 = 0. If [tta'] is of multiplicity exactly two, then S ^ 0. Given the eigenvalues 
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just deduced, from the diagram in [19], p. 2106, if the geometric multiplicities coincide with the algebraic 
multiplicities, then ^a'B'C'D' is type {22}Ia (in particular, >V+ is diagonalizable). It follows from [19], §5.6, 
that ^A'BiC'D' = 6(S'/12)7r(^/7r_B'?7c"'7D')' some spinor tja' = Pt^a' + Equating this expression with 
(2.21) yields the condition S"^ + AS + SB^ = of 2.6(i). When S'^ + AS + W"^ ^ 0, ^a'B'C'D' cannot be 
of type {22}Ia; with S ^ still, one sees from [19], p. 2106, that the only possible types with [tta'] a real 
WPS of multiplicity two, are types {211}II or {112}II, in which cases the geometric multiplicity of 5/12 
is one, rather than two (in particular, W"*" is not diagonalizable). If now S = but B ^ 0, then [tta'] is 
a WPS of multiplicity three, whence ^a'B'C'D' has type {31}III, and there is a single eigenvalue (namely 
zero) of algebraic multiplicity three and geometric multiplicity one. Finally, if 5 = 0, B = 0, but A 0, 
then [tta'] is a WPS of multiphcity four, whence ^a'B'C'D' is of type {4}II, and the zero eigenvalue now 
has geometric multiplicity two. Thus, the results of 2.6 are obtainable directly from (2.21) (bearing in mind 
that this expression could be computed directly by first computing spin coefficients without exploiting the 
results of Appendix One). 

Turning now to the ASD Weyl curvature, one finds 



~Zi = -Sj^ = --j= Z2 = S^ - --j= Zs = -S2 = -j=, (2.22) 



whence the analogue of (2.18) is 




-1 0\ /-I 

and K-^ = V2 { -1 | . (2.23) 



0-10/ \ 1 
Hence, referring to (A1.22), one computes 

J / P + 3Q -ay 3{T + X)\ 

-C = K-^-WK=—\ 3y r-3Q 3{T-X)\. (2.24) 

\-3{t + a:) 3{T-a:) -2T j 

Equating this expression to [19] (20) and, as in Appendix One, using the numerals 1, 2, 3 ,4 to denote u, v, 
X, y, yields: 

,-r, hi ,T, bi2 - cii an + 622 - 4ci2 O12 - C22 ^22 

2 1 4 ^ 12 ^4 ^ 2 ' 

(2.25) 

whence 

- (ai2 - C22)a(^AC(BOicf3D) + '^aACtBCtCOiD- (2.26) 

It is clear from the dyad components in (2.25) that, generically, there will be no relation between the I and 
J of [19] (24), which therefore impose no constraints on ^abcd for the general Walker metric. 

We note that the *-0N frame (A1.18) determines, as in (2.12), a null tetrad {X", A/^", M", M°}, which 
one computes to be 



= {-2cdu - hd^ + 2dy) = -a^ 



\/2 \/2 , , 

(2.27) 



M" = — {-2cdu - bdy + 2dy) = -a^ ( V2^'^ + -^tt^ J M" = --^rrf = —^^ -^ 

The associated spin frames are (up to an overall sign) {/J'^, — o;"^} and {v^^"^ + {0/^/2)1:^ , —tt^ /v^}- One 
can therefore obtain the components of the Weyl spinors with respect to these spin frames either in the 
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manner followed above or simply by re-expressing (2.21) and (2.26) in terms of the relevant spin frames. 
Putting 

A' 

o^:=P^ L^:=-a^ o^' := ^2^^' + ^n^' i^':=-^, (2.28) 

one finds 

{A + S) S 

^A'B'C'D' = Q iA'l'B'l'C'l'D' — BO(^a' l-B' I'C I'D') + -^0(^a'Ob' I'C I'D')^ (2.29) 

the analysis of which is similar to that of (2.21), and 

,T, ^22 . ^ , an + 622 - 4ci2 

^ABCD = -^t'Al'Bl'C''D — \C22 — ^12 jO(A''B''C''D) H ^ 0(^aObI'C''D) 

- (Cll - hi2)0{A0B0cl'D) + ^OaObOcOd- (2.30) 

Returning to the Walker null tetrad, consider the Ricci spinor: 

^ABA'B' = 2 (^Rab - -^9ab^ = 2^ab- 

From Al.7-8, one can compute the components of £^06 with respect to the null tetrad (2.11) and thence the 
dyad components of ^aba'B'- (Note that by 2.5 ^abA'B'T^^ tt^ = 0, i.e., $abo'0' = 0.) One finds: 

.. — ^ jpa. lib _ n. 



$00 


= $, 


$02 


= $, 


$11 


= $, 


$21 


= $ 



$01 


= $000' 1' = 




2 


$10 


= $010'0' = 


\taE\m'> = 


0; 


$20 


= $110'0' = 


^mai;%m'' = 


= 0; 


$22 


= $111'1' = 


\naE\ri' = 


C 
2' 


1 

~4 


{2r] + 2c0 + 


hv — a\i) . 





(2.31) 



1 T 

/ = -maE^bm^ = -; 

/ + ^maE\n'' = ^; 

$12 = $011'1' = ^maE^bTl'' 

It follows, see also 2.5, that 

^ABA'B' = AabT^A'T^B' + BabT^{A'S,B'), (2.32) 

with 

Aab = ^ {T(3a(3b + {2ri + 2c6 + bv - aiJ.)a(^Af3B) + CaAOs) Bab = IJ-I^aPb + 2^a(A/3B) - z^aAas- 

(2.33) 

With respect to the basis induced by {a^,P^} for S S, Aab and Bab have components 

_1/ T -{2ce + 2n + bu-atx)/2\ _ / -0\ 

2\-{2ce + 2^J + b,y-a^l)/2 ( J ~ [-0 J ■ 



3. Walker Geometry with Parallel LSRs 

Dunajski [11] considered a four manifold M with a neutral metric g and a global parallel spinor 
and called such a nuU-Kahler four-manifold. Since a global parallel spinor tt"* satisfies (2.2), [tt^ ] defines 
a parallel distribution of a-planes and hence a Walker geometry. In fact, the considerations in [11] are 
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essentially local, and his main result is naturally subsumed as a feature of Walker geometry, as we explain 
in this section. 

It is natural to study Walker geometries {M,g,V, [k^ ]) which admit parallel LSRs. We first note the 
following restrictions imposed on the curvature by the presence of a parallel spinor ([11]). Note that these 
restrictions are local, rather than global, in nature, in the sense that they hold on the domain of any parallel 
spinor. 

3.1 Proposition 

If {M,g) is a neutral four-manifold and a parallel spinor on some domain (with nonempty interior) in 
M, then on that domain: g is Ricci-scalar flat; [tta'] is a principal spinor of the Ricci spinor of multiplicity 
two, i.e., ^ABA'B' = Fabt^A'T^b' for some symmetric Fab; and [t^a'] is a WPS of multiplicity four, i.e., if 
nonzero, a' B'C D' is of type {4}II and case (iii) of 2.6 pertains. 

Proof. Work locally on the interior of the domain of tt^ ; the curvature conditions then extend to the 
closure of that domain by continuity. The proof follows the argument of 2.5 but beginning with VfeTr^' = 
rather than (2.2), which eliminates a factor of tt'^ from the computations and therefore increases the 
multiplicity of [tt^ ] as a principal spinor of both ^aba'B' and ^a'B'C'D' by one. From (A2.9), Da'S'Ti"* = 
—SAtta', whence tt"* parallel entails A = 0, which fact entails [n^ ] is a WPS of multiplicity four. 

Thus, ^a'B'C'D' = ct^a'T^b'T^c'^d' ■ Substituting the expressions obtained for the Weyl and Ricci 
curvature spinors into (A2.10) yields, since tta' is parallel, 

TTA'T^B'T^C'T^D'^B ^ = T^{C''^D'^b')FaB TT^'TTb' V*^^ Fcd = 0. 

In fact, transvecting the first, by say tt^', yields the second. Transvecting the first by rj^' rp' r)^' , where 
T]^ TTD' = 1, yields tta'V^ c = t]^ V^z-Fas- Transvecting the second equation above by r]^ yields 
7rA'V^'<^FcD = 0. It follows that 

TTA'V^C = ^ V'^,Fcd = 0, (3.1) 



3.2 Proposition 

A Walker geometry {M,g,'D, [tt^ ]) admits, on a neighbourhood of each point, a parallel LSR iff the 
curvature conditions of 3.1 pertain on M. 

Proof. The necessity follows immediately from 3.1. For sufficiency, choose any LSR tt^ on a neighbour- 
hood of some point and consider /tt'^ , where / is a smooth positive function. 

Observe that = ^^{fTr^') = (Vh/)7r^' +/V6(7r^') is equivalent to CVbf)n^' = -/VhTr^' = -fPbn^', 
by (2.3), i.e., equivalent to V5(ln(/)) — —Pt- One can therefore find an / to rescale t:^ to be parallel iff 
—Pb is a gradient. By the Poincare lemma, this is so iff Pt is closed, at least locally, i.e., iff V[cPb] = 0. Now 

VcVfeTT^' = (VcP6)7r^' + PbVcTT^' 
= {V,Pb + PbPc)^^'. 

Hence, V[cV{,]7r^ = V[cA]7i''^'; i-e., Pb is closed iff VicV^tt"^ = 0. This condition is not true in general, so 
one cannot always find an LSR of [n"''^ ] that is parallel. Prom (A2.7) and (A2.9), however, the curvature 
conditions of 3.1 do entail V[cVb]7r^ = 0. 

3.3 Lemma 

For any Walker geometry {M,g,T>, [n^ ]), suppose given a parallel LSR n"^ of [tt^ ] on a neighbourhood of 
some point me M. Then one can choose Walker coordinates {u,v,x,y) on a (smaller) neighbourhood of m 
for which (2.8) is valid with this parallel LSR. 

Proof. Put La := i^atta' and Ma := vatta', where {ji^^v^^} is a spin frame, i.e., hd = 1- Then 
La A Mb = cabt^A'T^B' =■ CTtt is parallel and therefore a closed two-form. Thus, locally, a^- = dcj), for some 
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one-form (h. Now, a^^ is of rank one, i.e., a-,^ ha-^ = 0. Since (p is defined only up to the addition of an exact 
one-form, one can exploit this freedom to ensure that (p A d<p is nonvanishing. It follows from Darboux's 
theorem (e.g., Theorem 6.2 in [38]) that there exist local coordinates {x,p,q,y) such that (f) = xdy + dp, 
whence a-^ — d(j) — dx A dy. 

Now V = (L",M")r, and is the kernel of the endomorphism of the tangent space: v i-^ v _\a^. In 
particular, 

= J (7^ = J (da; A dy) = dx{L)dy - dy{L)dx. 

Since dx and dy are linearly independent one-forms,then dx{L) = dy{L) = 0, whence L e {d/dp,d/dq)ii- 
Together with a similar computation for M", one deduces that 

(ker(da;) n ker(dy)) = {d/dp, d/dq)n = {L", M")n = 

Thus, {p,q,x,y) are Probenius coordinates for V. It follows, as in 2.3, that dx = a^Tr^', dy — /3^7r^', for 
some spinors and (3a satisfying P^a^ ^ 0. But = dx A dy = {(3^ ct]j)eAB''^jV'i^B' ■ whence (3^ao — 1. 
Putting U"" = a^-K^ and V"" = P^w^ , Walker's argument 2.3 constructs functions u and v so that (u, v, x, y) 
are Probenius coordinates, with 9„ = a'^Tr^ and dy = P^n"^ , which is the desired result. 



3.4 Lemma 

Given any Walker coordinates {u,v,x,y), the LSR -k^ defined by (2.7) is parallel iffdxAdy, equivalently, 
du Ady, is parallel. 

Proof. All that needs to be verified here is that tt^ tt^ parallel entails tt^ is parallel. Supposing 
TT^ is parallel, then by (2.3) = Vc(7r^ tt^ ) = 2Pcn^ , which entails that Pc is zero, i.e., ir^ is 
indeed parallel. 

In a slightly different formulation, for any LSR , by (2.6) dx A dy = (^'^/Z£))it^ =: ifa^r, with / 
positive. Hence, Vb{dx A dy) = ±(Vb/ 4- 2fPh)T,Tr. Thus, dx A dy is parallel iff —Pt — Vb(ln^/7)- From 
the proof of 3.2, one notes that this last equation is precisely the condition for y/fn^ to be parallel; and 
dx Ady = ±S rj . 



3.5 Lemma 

The LSR tt"^ determined up to sign by the condition (2.7) is parallel iff 

ai+C2=0 b2 + ci=0. (3.2) 

Proof. From (A1.8), a direct computation yields 

Vi{du Ady)=0 V2{du Ady) = 

V3(9„ A dy) = A dy V4(5„ A dy) = A dy. 



3.6 Remarks 

The conditions (3.2) imply 

0.12 + C22 = = bi2 + cii an = 622 = -C12, (3.3) 

which entail simplifications of the curvature. Obviously one expects to recover the results of 3.1. Indeed, from 
A1.6 one sees immediately that 5 = and from A1.5 that iiy = unless i, j are 3 or 4. More geometrically, 
in A1.8 6 = fj, = u = 0, whence the Einstein endomorphism (here equal to the Ricci endomorphism since 
5 = 0) maps the tangent space to V with kernel V. Since the contraction of both 9„ and dy (which have 
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linearly independent unprimed spinor parts) on the Ricci tensor is zero, then (since S = 0) one deduces that 
the Ricci spinor ^aba'B' is null of the form Fabt^A'T^b'- 

By (3.2), the B of (A1.24) vanishes. Since 5 = 0, assuming W"*" ^ 0, it follows that case (iii) of 2.6 
pertains, i.e., tt^ is WPS of multiplicity four and ^a'B'C'D' is null. Substituting S = B = in (2.21) yields 

~ A ^ ^ 

^A'B'C'D' = —-^T^A'T^B'T^C'T^D'- (3.4) 

(3.3) entails a simplification in the formulae (2.25-26) for the ASD Weyl curvature: 

*o = ^ *, = ^ = -£li *, = ^ = ^ = _£H ^3 = ^ = _£H^ *4 = ^. (3.5) 
"2 2 2 22 2 2 2 *2^^ 

Hence, in the present circumstances, the ASD Weyl curvature is zero iff a, b, and c are affine functions of u 
and V, whose coefficients are functions of x and y. Imposing (3.2) then yields 

a = Eu + Fv + G b = Mu + Nv + P c = -Nu -Ev + T, (3.6) 

i.e., for a Walker geometry (Af, g, V, [tt"^ ]), if some LSR tt"^ is parallel and {u, v, x, y) arc Walker coordinates 
for which (2.7) holds, then the ASD curvature vanishes iff a, b, and c are of the form as in (3.6), leaving 7 
arbitrary functions of x and y. 



3.7 Observation 

The equations (3.2) can be simply solved as follows. Take c to be any smooth function of {u,v,x,y) such 
that Cv is integrable wrt u and c„ is integrable wrt v; then one directly solves for a and b. 

Presume in fact that c is at least C*. Assuming (3.2) holds, then a is an antiderivative of — c„ wrt u, and 
b is an antiderivative of —Cu wrt v. Let g :~: J cdu denote a specific antiderivative of c wrt u and h :=: J cdv 
a specific antiderivative of c with respect to v. Since gu = hy there exists a function k :=: J J cdudv such 
that ku = h and ky = g. Put 

1? := i J cdudv + m{u,x,y) + n{v,x,y), (3.7) 

where m and n are arbitrary (suitably) smooth functions. Then, ^uy = c/2, 2^yy = J c„ d.u + 2nyy = 
— J audu + 2nyy, and 2t?„„ = J Cudv + 2m„„ = — fby + 2m„„, where the remaining integrals are specific 
antiderivatives of their integrands. Use the freedom in the choice of m and n to ensure that in fact 

^=f! :)=^(-'- V l=2f-^ V (3.8) 



b J \ 'duv -'&UU J V ''^12 -f^ii. 

By (3.4), the vanishing of ^a'B'C'D' is equivalent to A = 0. It is therefore natural to re-express A in terms 
of With the advantage of hindsight obtained from [11] and the results of §4, we wrote (A1.23) in the form 
we require here. Observing that under (3.2), in (A1.23) each of the first and second pairs of terms in the 
final line cancel, while the last three terms together equal —S, which is zero under (3.2), one may ignore the 
final line. 

Using Al.l, for an arbitrary function /: 

□/ = 9"'V„V6/ = g'^d-Af - 2 (r^3 + r^4) 9k/ = g'^did-J - (ai + c^)d^f - (62 + 01)^2/. (3.9) 
Thus, when (3.2) holds, 

□/ = g'^d-Af = -afu - 2c/i2 - 6/22 + 2/13 + 2/24. (3.10) 
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Using (3.2) to rewrite certain terms, it is now routine to verify that: the first line of (A1.23) equals 12n(79i3); 
the second line equals 12n(z924), the third and fourth lines together equal 3n(o6) = 12n(^?iit?22) and the 
fifth line equals -3n{c^) = -12n((t?i2)2). Hence, 

A = 12n(i?i3 + 1^24 + M22 - (1^12)'). (3.11) 

Thus, when (3.2) holds, one may write the metric in the form (1.1) with W determined by a function 1? as 
in (3.8), the curvature conditions of 3.1 hold and the vanishing of a'B'C'D' is equivalent to the vanishing 
of (3.11). This result refines that of Dunajski [11], who studied ASD, four-dimensional, neutral metrics 
admitting a parallel spinor and also wrote the condition for the vanishing of the SD Weyl curvature in the 
form: 

^l3 + '&2A + M22-{^12f =-P □P = 0. (3.12) 

The homogeneous form of this second order PDE is Plebaiiski's [30] second heavenly equation characterizing, 
locally, the metrics of (in the real case) neutral four-manifolds whose only nontrivial curvature is the ASD 
Weyl curvature. We elucidate this connexion in §4. Of course, any Walker metric with W of the form (3.8) 
trivially satisfies (3.2). 

Now consider the form that the ASD Weyl curvature (2.26) and (3.5) takes under (3.2). Substituting 
(3.8) into (2.25) or (3.5) yields: 

*0 = -I?!!!! *1 = -1?1112 *2 = -1?1122 *3 = -'!?1222 *4 = -1?2222. (3.13) 

With 

Sa := aAd^ - PaOu = aArh^Vb - PaI^'V^ = tt^'v^a', (3.14) 

one finds that 

"^ABCD = -l^inil^ApBpcf^D + 4i?1112Q!(a/3b/3c/9d) - Q'&11220l(AOiB/3cpD) 

+ Mi222a{A(^BOic(iD) " '&2222CtAOiBCtCCtD (3.15) 

= -5a5b5c5d'&- 

(3.15) is the form of the ASD Weyl spinor obtained by Plebaiiski [30] under the assumption that all the 
other curvature vanishes, and by Dunajski [11] assuming 3.1 and the vanishing of the SD Weyl curvature. 
We have found this form is valid wherever a Walker metric has a parallel LSR, i.e., under the constraints 
imposed on the curvature in 3.1; note, in particular, that the vanishing of ^ a' b'c D' is not required. In 
short. Walker geometry provides the natural context for this generalization of Dunajski's result. 
In accordance with 3.1, under (3.2) 6 = = v = Qui A1.8, whence Bab = in (2.33). Hence, 

^ABA'B' = Aabtta'TTb' where Aab = ^ (T/3a/3b + 2r]a(^A(3B) + C^aQb) • (3.16) 

Under (3.2), one further finds that T/2 = Pn, r]/2 = —P12, and (/2 = P22, whence one can express (3.16) 
in the form 

^ABA'B' = {SaSbP)tta'TTb'- (3-17) 

3.8 Theorem 

In summary, a Walker geometry {M,g, [w^ ]) with a parallel LSR on some coordinate domain, is determined 

on that domain by a single function of Walker coordinates with: the metric given by (3.8); "^a'B'C'D' of 
type {4} with WPS [tt^ ] or vanishes when (3.12) holds; "^abcd = —SdSc^b^a^ and thus vanishes iff d is 
a cubic polynomial in u and v of the form 

-12?? = Mv;^ + 3Euv^ + 3Nu\' + Fv^ + SGv"^ - 6Tuv + 'dPu'^ + R'lU + K2V + K3, 

consistent with (3.6), where the coefficients are arbitrary functions of {x,y) and Ki, K2 and Ks express the 
residual freedom in "3 not constrained by (3.8); S = 0; the Ricci spinor is given by (3.17), whence the Walker 
geometry is Einstein iff P is affine in u and v. 



17 



4. Complementary Distributions 



We begin this section by considering an orientable four- dimensional neutral manifold (M, g) which 
admits a pair of complementary distributions of totally null two-planes. By 2.1, each distribution is a 
distribution of either a-planes or of /3-planes. Since at any point, any a-plane intersects any /?-plane in a 
one-dimensional subspace, a complementary pair of totally null distributions must both be distributions of 
a-plancs or distributions of /3-plancs. If one of the distributions is parallel, then one has a Walker geometry, 
and with respect to the canonical orientation the two distributions are each distributions of a-planes. 

Hence, we consider two complementary distributions of a-planes on {M,g). Denote these distributions 
by and V^, where the distributions have associated projective spinor fields [n^ ] and [x"* ] respectively. 
The complementarity is equivalent to t^d' 7^ for any LSRs. 

We now suppose both distributions are integrable. In a suitable neighbourhood of any point m e M, 
one can choose Frobenius coordinates {p,q,x,y) for 2?'^ with = {dp,dq)-R and Frobcnius coordinates 
{w, z, r, s) for with = (9^,, c?^)r. Since dx and dy separately annihilate , for any LSR tta' of [tta'] 
they are of the form jat^A', for suitable ja- One can rescale wa', and interchange the roles of x and y if 
necessary, so that one may suppose the coordinates {p, q, x, y) and LSR -ka' are chosen so that 

dx = aATTA' dy = /Sat^a' I^^oid = 1, whence dx Ady = u-^. (4.1) 

Similarly, one may suppose the coordinates (w, z, r, s) and an LSR xa> are chosen so that 

dr = HaXa' ds = vaXa' i^'^IJ'D = 1, whence dr Ads = a^, (4.2) 

where CT;^ = cabXA'Xb' ■ Since the distributions are complementary, the functions {r,s,x,y) constitute local 
coordinates which are simultaneously Frobenius with respect to both distributions, specifically 

■D^ = {dr,ds)R V^ = {d.,dy)n, (4.3) 

(see for example [16], p. 182) and (4.1) and (4.2) are of course still valid, being coordinate-independent 
statements. With respect to the coordinates {r,s,x,y), the metric must take the form 

for some (2 x 2)-matrix D. Note that det(gab) = (det(£'))^. Writing the metric as 

2dx{Diidr + D^ids) - 2dy{-Di2dr - D22ds), (4.5) 
one can extract the null tetrad: 

'■= dx Ha ■= Diidr + D2ids 

rha := dy rua := - {Di2dr + D22ds). 

One computes 



(4.6) 



r = (D-i)ii5, + (i?-i)i2a« n« = a^ 
m« = {D-^)2idr + {D-^)22dv = -dy. 

Prom (4.1-2) and (4.4), one computes 

(£>-i)n := g''\dr,dx) = (/x^az3)(x^'7ro0 (^-1)21 := g''\dr,dy) = {fi'' I3d){x''' ^d'); 
{D-%2 ■= g''\ds, dx) = (j/^afl)(x^Vc') {D-%2 := 9'''>ids, dy) = {ly'' Pd){x''' ^d') 
whence 

det(£>) = (det(£>-i))-' = [(/x^az5)(t/^/3E) - pD){i^^aE)]~' (x'^'ttc')"'- 



(4.7) 



(4.6 



18 



But, {a^,/3'^} and {/j.'^,!/^} are both spin frames, and therefore related by an element of SL(2;R); indeed, 
/i^ = -(/i^/?,,)a^ + (/i^aD)/3^ i/^ = -K/3c)a^ + (;^^aB)/3^, (4.9) 

whence 1 = —{jJ,^ I3d){v^ as) + {t^^ PD){fJ-^ cie), and therefore 

det(£>) = (x^'ttd')"^ > 0. (4.10) 
Putting := X^' /{x'^'t^d') so that ^'^'ttd' = 1, then, from (4.6), 

na = iX^ TTD'){DiiHA + D2iyA)^A' rria = -{X ■ '!t){Di2IJa + D221^a)^A' 

With 

■■= -{x'^'^D'){Di2tiA + D22yA) = {x'^\d'){DuI1a + D21VA), 

the matrix 

-<-')(:S^ SO 

has determinant (x''^ t^d' Y det(_D) — 1, by (4.10). Thus, F is an element of SL(2;R) and {n^, is a spin 
frame. From (4.8-10), one checks that F is inverse to the element of SL(2;R) in (4.9) expressing {/x^, v^} 
in terms oi {a^,(3^}, whence = and A"* 
In summary, the null tetrad (4.6) is 

ia = aATTA' = dx rha = Pat^A' = dy 

(4.11) 

rrta = aA£.A' = -{Di2dr + D22ds) Ua = Pa^A' = Dudr + D2ids. 

The complementary distributions are equivalent to an almost product structure P, an endomorphism of 
TM satisfying P"^ = 1. Here, P = I2 8 -I2 with respect to the decomposition TM = V eV^. It is 
straightforward to check that P is in fact an anti-orthogonal automorphism of {TpM,g). By analogy with 
the Kahler form, define to := g{P , ), which is indeed a two-form. In fact, one has: 

P2 = l gabP\P\ = -9cd <^ab~9cbP\ = -^ba, (4.12) 

any two of which entails the third. 

The intcgrability of the two complementary distributions is equivalent to the intcgrability of the almost 
product structure (i.e., the vanishing of the Nijenhuis tensor of P) and equivalent to the intcgrability of the 
induced GL(2; R) x GL(2; R)-structure on the bundle of frames. It is well known that an integrable almost 
product structure (in any of these equivalent forms) is in turn equivalent to a locally product structure on 
M (see, for example, [47], Ch. XI); indeed, an atlas of coordinates of the form {r,s,x,y) as constructed 
above constitute an atlas for the locally product structure in the present circumstances; the Jacobian of the 

transformations between such coordinates systems must be of the form with M, N e GL(2;R). 

The following result is also well known, e.g., [47], Ch. X. 

4.1 Lemma 

The almost product structure is parallel iff the two complementary distributions are each parallel. 

So, now suppose that and are each parallel; in particular, (M, g) is a Walker geometry, in two 
ways. Now P is obviously parallel iff the associated two-form uj is parallel, whence w is a symplectic form 
naturally associated with the complementary parallel totally null distributions. One computes 

to = D\idr Adx + D\2dr Ady + D2ids Adx + D22ds A dy. (4-13) 
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In the more usual theory of (ahuost) pro(hic;t spaces in which the almost product structure is an orthogonal 
automorphism of the tangent space with respect to a metric which restricts to nondegenerate metrics on 
the complementary distributions, the condition VP = is equivalent to {M, g) being locally a Riemannian 
product ([47], Ch. X). In the present circumstances, we should therefore expect that VP = is equivalent 
to some condition on the metric. 

To investigate, it will prove convenient to write the (locally product) coordinates {r,s,x,y) derived 
above in the form (x'^) = {x-^,x-^ ), where upper case indices range over 1 and 2 here (as in §1, context 
should prevent confusion of these concrete indices with concrete spinor indices). Then, 

from which it follows, from 1.1 and (4.3), that 

•D'' is parallel iff r^B = and D'^ is parallel iff T^j/ = (4.14) 
(see also [47], Ch. X). From (4.4), one directly computes that: 

TaB = ™(5'am,B + ^Bm.a — 5aB,m) T^g' = 25'^'"(fl'am,B' + 5B'm,a — ^aB',!!!) 

1 C'WL/ \ ^ CM'/ \ 

= 2^ (5aM,B + ffBM,a — 5aB,M) = -^9 (,9aM',B' + 5B'M',a — 5aB',M' ) 

1 ^ , 1 ciVl' / \ 

= (S'A'M,B - 5'A'B,m) = 7:9 (SAM'.B' - 5AB',M') 



whence is parallel iff -Dma'.b = ^^ba'.m and is parallel iff -Dam'.b' = -Dab'.ms i-e., 

V IS parallel iff = and parallel iff = (4.15) 

(The analogues of (4.15) for nondegenerate complementary distributions may be found in [47], Ch. X.) 
The nontrivial components of the second condition of (4.15) (B' ^ M') are the integrability conditions 

for functions (/)a satisfying [d^xjdx^ ^ = Dab'- Substituting this expression into the first condition of 

(4.15), the nontrivial components (B ^ M) are now the integrability conditions for a function O (context 
should preclude^ confusion with the Walker volume form; the reason for the choice of this symbol will become 
apparent shortly) satisfying 51^ = c^^o jdx^ and fig = d(^\ / dx^ , whence 

Thus, the metric in locally product coordinates {x^,x^ ), see (4.4), is determined by a single function 
according to (4.16). 

Note that spinors do not, in fact, play a necessary role in this derivation (so far in this section, spinors 
have played an essentially descriptive role) nor does the four dimensionality; stripping away all reference to 
spinors and the null tetrad (4.6), one obtains an argument valid for a neutral manifold of arbitrary dimension 
2n with parallel complementary totally null distributions (now A and A' each range over 1, . . . ,n and the 
null tetrad is replaced by a Witt frame): 



4.2 Theorem 

Let {M, g) he a neutral manifold of dimension 2n admitting complementary totally null distributions. This 
structure is equivalent to an almost product structure P which is an anti- orthogonal automorphism of each 
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(TpM,g). Integrability of P (vanishing of its Nijenhuis tensor) is equivalent to integrability of the two 
distributions, and coordinates {x^,x^ ) which are simultaneously Frobenius for both distributions provide a 
locally product structure for (M, g) . When P is parallel, equivalently the two distributions are parallel, with 
respect to the local product coordinates the metric takes the form 

with D as in (4.16), and the associated two-form lo is a symplectic form with coordinate expression 

, A , B' 

Note that the canonical orientation induced by the one distribution is (—1)" times that of the other. 



Wc will refer to this geometry as double Walker geometry. It is already known, however, under other 
names. As an instance of locally product geometry, there is an obvious strong analogy with Kahler geometry. 
Indeed, an almost product structure P on a 2n-dimensional manifold whose eigenspaces are both of dimension 
n is also known as a paracomplex structure. When, in addition, M carries a (necessarily) neutral metric 
g compatible with P in the sense that P is an anti-orthogonal automorphism of each {TpM,g), then the 
triple (M, g, P) is called almost paraHermitian, paraHermitian when P is integrable, and paraKahler when 
VP = (that a parallel almost product structure P is indeed integrable is again analogous to the case 
for almost complex structures, deduced, in particular, by Walker [45-46]; see also [47]). The results above 
indicate this analogy is far reaching. 

Indeed, there is an extensive body of literature on paracomplex geometry, see the reviews [6], [7]. 
(Almost) paraHermitian geometry has also been called biLagrangian geometry because the eigenspaces of P 
are totally null with respect to g, see [14]. These various names reflect different emphases upon g, P, and w; 
and perhaps because the topic is not widely known. Indeed, the result 4.2 has been presented independently 
on several occasions, e.g., in [39] and [1], though it dates back to the earliest work in paracomplex geometry. 
Indeed, Rashevskij [33] studied the properties of a metric of the form (4.16) on a locally product 2n- 
dimensional manifold and then Rozenfeld [34] explicitly drew the parallel with Kahler geometry. Paracomplex 
geometry has multiple independent origins, [20-21] being notable; a short, but informative, history of the 
origins of the subject may be found in [7] . 

We suggest that (almost) paraHermitian geometry is most naturally construed as a special kind of neutral 
geometry. ParaKahler geometry is then a special kind of Walker geometry which wc have called double 
Walker. Our intention here is not to simply make matters worse by adding yet further terminology. Both 
paraKahler and double Walker are useful terms which stress different aspects of this interesting geometry. 
But it is the underlying neutral geometry which is, in our opinion, the natural setting. It may be argued, 
however, that the root of these geometries is paracomplex geometry, which involves no metric. We would 
suggest that the significance of (almost) paracomplex geometry within (almost) product geometries stems 
from its algebraic origins in the paracomplex (also called Lorcntz) numbers. Though one can treat this 
algebra purely algebraically, it is most naturally regarded as a 'normed' (\E'-Euclidean) algebra, i.e., as an 
algebraic structure on R^'^, and thus naturally a feature of neutral geometry (it is argued in [18] that R^'^ 
is best understood as a neutral geometry rather than two-dimensional Lorentzian geometry due to the role 
of anti- isometrics). 

All this geometry also has a natural description as G-structures on the frame bundle F{M) of M. 
Paracomplex geometry is a GL(n; R) x GL(n; R)-structure. Let P{M) denote the bundle of almost-product 
frames for the given reduction. Adding the compatible neutral metric g allows one to construct from any 
almost-product frame, an almost-product frame that is also a Witt frame with respect to g and thus a 
further reduction to W(M), say. The group of this bundle of admissible frames is the intersection of 
GL(n; R) x GL(n; R) with 0(n,n), but where the latter must be expressed in the form appropriate to Witt 
bases rather than ^f-ON bases. The result is that the symmetry group of W{M) takes the form 

{(o! .^-i):i^eGL(„;R)}, 
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and thus is isomorphic to GL(n;R). Thus, ahnost paraHcrmitian geometry and its refinements may be 
viewed as certain GL(n;R)-structures on 2n-dimensional manifolds. 

Returning now to the four-dimensional case of our primary concern, in which a double Walker geometry 
has an unambiguous canonical orientation, we encounter another co-incidence. Plebahski [30] derived two 
canonical coordinate forms for a complex space-time (i.e., a four- dimensional complex manifold carrying a 
holomorphic Riemannian metric) whose only nontrivial curvature is the ASD Weyl curvature. Plebanski's 
results carry over to the real category to apply to neutral metrics in four dimensions. With respect to the 
coordinates {r,s,x,y), (4.16) takes the form 



which, given our choice of ordering of the coordinates, is of Plebanski's Brst heavenly form. Plebanski's [30] 
first result is that, when dct(r') = 1 (Plcbafiski's first heavenly equation), this form is a canonical form 
for a neutral metric in four dimensions whose only nontrivial curvature is the ASD Weyl curvature. Such 
metrics are thereby given, locally, by a single function fl satisfying the first heavenly equation. What we 
have derived is the first heavenly form, without the constraint of the first heavenly equation, as a canonical 
form for a neutral metric with parallel complementary totally null distributions, and we recognize that this 
form is nothing but the paraKahler form of the metric for a paraKahler geometry. We note that (4.11) is a 
slight variation on Plcbafiski's heavenly null tetrad. 

To appreciate the significance of the first heavenly equation we state some definitions and facts well 
known to those familiar with complex general relativity and twistor theory, adapted to the context of neutral 
signature. But first we note in passing that Plebafiski's first heavenly equation actually appeared many years 
earlier in [35]; see also [12]. 

4.3 Definitions &z Facts 

Let {M,g) be a four-dimensional neutral manifold. One can apply the Hodge star operator to the fully 
covariant Riemann tensor by applying it to either of the pair of (abstract) indices in which the Riemann 
tensor is skew to obtain two closely related 'duals', see [28], §4.6. It then turns out that the Riemann tensor 
is SD/ASD with respect to one of these notions of duality iff it is also SD/ASD with respect to the other, 
and that when SD/ASD, the Ricci curvature vanishes and the Riemann tensor equals the SD/ASD Weyl 
tensor. One says {M,g) is half-Bat when the Riemann tensor is SD/ASD; specifically, right Hat when the 
Riemann tensor is ASD, ie., the only nontrivial curvature is the ASD Weyl curvature, and left flat when the 
Riemann tensor is SD, i.e., the only nontrivial curvature is the SD Weyl curvature. (M,g) itself is said to 
be SD/ASD according as the Weyl curvature is SD/ASD, a weaker condition. 

In {M,g), one can construct, locally, parallel primed/unprimed spin frames iff {M,g) is right/left flat. 
The forward implication follows by applying 3.1 to the two elements of the spin frame: the converse can 
be proved by a straightforward adaptation of the classical result that one can construct, locally, parallel 
ON frame fields iff the Riemann tensor vanishes (e.g., [37], pp. 261-263). In more modern terms, {M,g) 
is right/left flat iff the induced connexion on the bundle of primed/unprimed spinors is flat, see. e.g., [16], 
§11.9, or [37], pp. 402-403. 

Now suppose that and admit parallel local scaled representatives -k^ and , at least on some 
common domain. On that domain, ^d' is also constant, whence by a constant scaling of x one can 
suppose, with out loss of generality, that x^ ^D' — 1- For these choices of tt^ and x^ ; one can choose, 
by 3.3, coordinates {p,q,x,y) and {w,z,r,s) as in (4.1-2) and proceed with the previous construction up 
to (4.16). Of course, = X.^ ■ By (4.10), det(£') — 1, i.e., Plebafiski's first heavenly equation now 
holds. Moreover, the results of 3.1 must hold with respect to both and . But these facts entail that 
^A'B'C'D', ^ABA'B', and S must vanish, whence {M,g) is right fiat. 

What if we assume det{D) = 1, equivalently = , in the construction leading up to (4.16) but 
not assume that parallel local scaled representatives are available? Plebafiski's [30] result assures one that 
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(M, g) is indeed right flat and that ir^ and , characterized through the heavenly tetrad (4.11), are indeed 
parallel. 

Rather than repeat this analysis, however, we return to the assumption that and T>^, where from 
now on wc employ the LSR ^'^ of [x^ ] defined just after (4.10), are parallel complementary distributions 
without any presumption that either has parallel LSRs, i.e., to the double Walker (paraKahler) case. The 
next result follows immediately from 2.5 and demonstrates the utility of viewing the geometry as Walker 
geometry. 



4.4 Corollary 

Let {M,g,'D'^ , [tt^ \,T^^ , ]) be a four- dimensional double Walker (paraKahler) geometry. Then [k^ ] and 
[(,^ ] are each WPSs of multiplicity at least two, whence ^a'B'CD' oc tt^a'T^b'^c^d'), *-e., ^a'B'CD' is of 
type {22}Ia, or zero; 5* = iff^A'B'C'D' is zero; and the Ricci spinor is of the form '^aba'B' = Babt^(a'^b')- 
This geometry is therefore Einstein iff Bab = 0. 



We now note that, when ir^ can be chosen parallel, (3.8) substituted into (1.1) yields Plebafiski's 
second heavenly form for the metric of a right-flat space, though without the constraint of Plebafiski's 
second heavenly equation; rather (3.11) pertains. Hence, for a double Walker geometry, we follow Plebafiski 
[30] and define functions 

u := Oj, V := fly. (4-17) 

Considering (w, v, x, y) as functions of (r, s, x, y), the Jacobian is 

/ f^xr f^xs f^xx f^xy 









ftyy 
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(4.18) 



which therefore has nonzero determinant. Thus, one may employ {u,v,x,y) as local coordinates. Now (4.1) 
is still valid. One computes 



du = flxrdr + flxsds + flxxdx + flxydy 
dv = flyrdr + Qysds + flyxdx + Qyydy, 

whence one can rewrite (4.11) as: 



(4.19) 



£a = dx rha = dy 

ria = Dndr + D^ids = Clrxdr + Clsxds = du — Qxxdx — Clxydy (4.20) 
nia = —Di2dr — D22ds = —Clrydr — flgyds = —dv + Qyxdx + Qyydy, 

and 

du = Ha + ^xx^a + ^xyrha dv = -rUa + i^xy^a + ^yylTla- (4-21) 

One can now compute g"'^ with respect to the coordinates {u,v,x,y): 

g^^idu, du) = 2nxx g^^idu, dv) = 2Q.xy g^^idv, dv) = 2Q.yy 

g^^du, dx) = 1 g°-^{du, dy) = g''''{dv, dx) = g^^dv, dy) = 1 

g''\dx, dx) = g'^^idx, dy) = g''\dy, dy) = 0. 

Hence, one obtains, with respect to {u,v,x,y), Walker's canonical form (1.1) for the metric with 

W^ = -2('[^^^ J^^^'V (4.22) 

yilxy ^lyy J 
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Thus, {u,v,x,y) arc Walker coordinates for (Af, g, I?'^, [tt"^ ]) and the heavenly tetrad (4.11), equivalently 
(4.20), is exactly the Walker null tetrad (2.11) for these Walker coordinates. Hence, (2.21), (2.26), and 
(2.32-33) give the curvature spinors with respect to the spin frames associated to the heavenly tetrad but 
with 4.4 in force, so in fact 



S 

^A'B'C'D' = -^■^{A'T^B'^C'^D' 



(4.23) 



^ABA'B' = BabT^{A'^B') 

with Bab as in (2.33). Moreover, the following equations must hold: 

B + Sc = = 6Bc~A + S{3c^-l)=Wc-A-S Aab = 0, (4.24) 

with Aab as in (2.33). Note that the first two equations entail + AS + = in accord with 2.6(i). In 
particular, every four-dimensional paraKahler metric must locally be of this form. Note also, from (4.10) and 
(4.18) that [dr,ds,dx,dv] = [du, dy, dx, dy], i.e., the locally product coordinates have the canonical orientation 
of the double Walker geometry. 

Suppose now that [tt^ ] has a parallel LSR. One can employ 3.3 to choose the original set of coordinates 
{p,q,x,y) satisfying (4.1) with that parallel LSR . Then one can introduce d as in (3.7) and W takes 
the form (3.8), where is subject to (3.12). The ASD Weyl curvature is given by (3.15). By 3.1, S = 
whence ^a'B'CD' = by (4.23) (equivalently, [tt"^ ] is a WPS of multiphcity four but is also a WPS of 
multiplicity two; impossible). It also follows from 3.1, and 2.5 applied to , that ^aba'B' = (equivalently, 
combine (3.16) and (4.23)). From (3.17), SaSbJ = 0. Thus, if only has a parallel LSR, then a double 
Walker geometry {M,g,V, [tt^'],©*, [C^']) is right flat. 

It then follows from 3.2 that can be rescaled so as to be parallel, say fS^^ is parallel. Then 
/ = /^-^ TTj)/ is constant, whence ^'^ itself must be parallel. Although the description of the double Walker 
geometry relative to Walker coordinates is asymmetrical in the roles played by and V^, the geometry 
itself is not and one can of course reverse the roles. Hence: 



4.5 Theorem 

Given a four- dimensional double Walker (paraKahler) geometry, if either distribution admits a parallel LSR, 
the geometry is right flat on that domain and the other distribution also admits a parallel LSR on that 
domain. 



Consequently, suppose now that both and in (4.11 & 20) are parallel. Then An** = e^^^^ 
is parallel. One computes 

m" A n*" = °^ ^ ^ du A 9„ + |9„ Ad^- Ady + ^dy Ad^- ^dy Ady + d^A dy. (4.25) 
Using (A1.8), one computes 

Vi(m" A n^) = = V2(m" A n^). (4.26) 



Vsim" A n^) = (a„ + c^,) | Ady- ^dy Adx + Ady- A dy 



(4.27) 



- 2ay - (c^)^ + bay - ac^ ^ . o 20^, - 2o^ + boy - ac„ + 2ca„ ^ 



V4(m"An'') = (by + Cu) 



''^ g du Ady - jdy Adx + |9„ Ady - ^d^ A dy 



(4.28) 



26x - 2cy - 2cby + bcy - abu - o , 2bx - 2cy + {c^)u + bCy - abu „ 

~r ^ Ou A Ox ~r ^ Oy A Oy 
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Hence, under (3.2), and with P as in (3.12), (4.27-28) become 

V3(m° A n^) = Py{du Ad^+d^A dy) V4(m° A n^) = -P„(5„ Ad^ + dyA dy) 

from which one deduces that is parallel iff P„ = P„ = 0, i.e., P depends only on x and y. Following 

Plebahski [30] again, let F be an antiderivative of P with respect to x: := P. Define := ?? — uF. 
Then, 6„m = x?„„, 6^ = '&uv^ ®vv = '&vv, i-e., (3.8) holds with 6 replacing d, as do (3.13 & 15). Of course, 
5a5bP = 0. Finally, 

^ux ~t~ ^vy i^^uv) ~t~ ^uu^vv — ^ux P ~\~ ^vy i^^uv) ~t~ '^uu'^vv — (4.29) 

which is Plebafiski's second heavenly equation. 

Thus, Plebafiski's second heavenly form is the special case of Walker's canonical form for a double 
Walker (paraKahler) geometry with parallel LSRs for one, hence both, distributions. Of course, every 
right-flat neutral four-fold is, locally, such a double Walker geometry in many ways. 

5 Global Lifts of [tt^ ] 

Our considerations so far have been essentially local in nature. In this section we consider a four- 
dimensional Walker geometry (M, g, T>, [w^ ]) for which the frame bundle admits a reduction with structure 
group SO+(2,2). As noted just prior to 2.2, with respect to this reduction the bundle of projective spinors 
PS'^ is well defined globally, so the spinor field [tt^ ] corresponding to the Walker distribution I? is a global 
section of PiS^. The question we address here is whether this section can be lifted to a section of the bundle 
S'j^y[7 Obviously, we must assume the bundle S'^j exists which, given the SO"'"(2, 2)-rcduction, requires that 
the second Stiefel- Whitney class of M vanishes. We will also assume M is connected and paracompact. 

Before proceeding, we say a few words about our assumptions. One can reformulate the existence of an 
SO"'" (2, 2)-rcduction in various ways, most obviously as the existence of a distribution of oriented two-planes, 
for which, when M is compact, there are well known necessary and sufficient topological conditions. Mat- 
sushita has studied these issues and we direct the reader to [24] for a recent review. In general, the assumption 
of a Walker geometry admitting an SO"*" (2, 2)-rcduction cannot have a purely topological characterization 
as evidenced by the explicit examples in the literature cited in the Introduction of such Walker geometries on 
R^. It would, however, be of interest to determine in the compact case any topological conditions imposed 
by the existence of the Walker geometry beyond those equivalent to an 0(2, 2)- or SO''"(2, 2)-reduction. 

Returning to the question of a global lifting of [tt"^ ], we first note that if tt^ is such a global lift, then 
^AB^A jg globally defined and defines an orientation for T), see 2.4. Thus, orientability of D is a necessary 
condition. We elaborate on this point at the end of the section. By an open covering of the Walker geometry, 
we shall mean an open covering U = {Ui : i & 1} oi M such that each C/j carries an LSR irf of [k^ ]. We 
can frame our question as: given an open covering of the Walker geometry, can one scale the LSRs so that 
they agree on nontrivial intersections Uij := f/, fl Uj, i, j G I? 

5.1 Lemma 

With notation and assumptions as in the previous paragraphs, the obstruction to a global lifting of [tt^ ] 
to S'j^j is a specific element tt in H'^{M,C*), where C* is the sheaf of germs of nowhere-vanishing smooth 
functions on M. Thus, whether a global lift of [tt"^ ] exists or not is determined by the topology of M and 
the sheaf C* . 

Proof. For any open covering of the Walker geometry, on a nontrivial intersection Uij one has irf = 
fijT^f , where fij is a nowhere- vanishing, smooth function on Uij. One easily checks that Uij fij defines 
a Cech 1-cocycle with coefficients in C* on U. This assignment is well defined under restriction to refining 
coverings, i.e., on passing to a refinement, the induced LSRs define the 1-cocycle obtained by restricting the 
original 1-cocyclc to the refinement. 

It is routine to confirm that given two open coverings of the Walker geometry, with open coverings U 
and V of M respectively, the 1-cocycles induced on a common refinement of U and V are cohomologous. 
Hence, the possible open coverings of the Walker geometry define a certain element tt of H^{M,C*). 
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Since H^{U,S) H^(M,S) is injcctivc for any sheaf <S, if tt is zero then for any open covering of the 
Walker geometry, is a coboundary, = {Sh)ij = hjh^^. Then hiTrf = hjTvf , which thereby defines a 
global lift of [tt^']. 

Conversely if tt^ is a global lift of [tt"^ ] then one can construct open coverings of the Walker geometry 
with fij ~ 1, whence the 1-cocycle is a coboundary: fij — (Sh)ij = hj/hi, where hi = 1, for all i, i.e., tt = 0. 
Thus, TT e H^{M,C*) is the obstruction to a global hfting of [tt-^']. 



If a Walker geometry (M, ^i,!?, [k^ ]) satisfies the curvature conditions of 3.1, then 3.2 says one can 
construct an open covering of the Walker geometry with parallel LSRs. Call such a parallel open covering 
of the Walker geometry. One can repeat the argument of 5.1, the difference being that the 1-cocycle takes 
coefficients in a different sheaf. 



5.2 Lemma 

// a Walker geometry admits parallel open coverings, the obstruction to constructing a global parallel lifting 

of [tt^ ] is a certain cohomology class p in H^{M,TV), where R* is the constant (multiplicative) sheaf of 
nonzero real numbers (the sheaf of germs of locally constant H* -valued functions). 



To explore these obstructions, consider the commutative diagram of short exact sequences: 



R+ 



1" 1' 



(5.1) 



^ SO A C* ^ C+ 

where S° is the constant multiplicative sheaf with fibres isomorphic as groups to Z2, R"*" is the constant 
(multiplicative) sheaf of positive real numbers, C"*" is the sheaf of germs of positive R- valued smooth functions, 
both (j) and ip are / 1-^ |/| for the appropriate domain, and the remaining mappings are the obvious inclusions. 

If C denotes the sheaf germs of smooth functions, exp : C ^ C+ is a sheaf isomorphism, whence these two 
sheaves have the same cohomology. Since C is a fine sheaf, H'p{M, C+) = for p > 1. Also exp : R R+ is a 
sheaf isomorphism, whence ifP(M, R+) = Hp{M, R) = H^^{M), where the last is the de Rham cohomology 
of M. One obtains from the long exact cohomology sequences the commutative diagram: 



» H°{M,S°) ^ H°{M,C*) ^ H°{M,C+) H'^(M,S°) 



H^{M,C*) 



ff^(M,R+) 



H^{M,C+)=0 



(5.2) 



Beyond the portion shown, the bottom row is just 







HP{M, S°) 



HP{M,C*) 







for each p > 1, whence is clearly an isomorphism for p > 1. 

Since C+ C C* andR+ C R*, a cohomology class c of iJP(M,C+) also defines an element of iJP(M,C*) 
which is mapped by to c, i.e., 0* is always onto. Similarly, ip^, is always onto. It follows by exactness, 
equivalently by their very definition, that all the connecting homomorphisms (5* are trivial mappings. 

Since : H^{M,C*) H^{M,C^) is a surjection onto a trivial space and 5* a trivial mapping, it 
follows that : H'^{M,S°) H'^{M,C*) is an isomorphism. Hence, for p > 0, 

HP{M,C*) ^ HP{M,S°) ^ HP{M, Z2). (5.3) 
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Since the (5*'s are trivial, one can isolate the following commutative diagram, with exact rows, from 
(5.2): 



Thus 



— > H\M,S°) iJi(M,R*) ^ H\M,R+) — > 

1^ h l"' (5.4) 

— > H^{M,S°) H\M,C*) H\M,C+)=0 — > 

Hh^{M) - H\M,R) - H\M,K+) - (5-5) 



5.3 Theorem 

Suppose M is connected and paracompact. Let (Af, g,!?, [tt"^ ]) be a four-dimensional Walker geometry. 
Suppose M admits an SO'^ {2, 2) -reduction of the frame bundle, whence [tt^ ] is a global section of the 
projective spinor bundle P5^^. Suppose further that W2{M) = 0, whence {M,g) admits spinor structures. 
The obstruction to a global lifting of [ir^ ] to a section of S'^ is an element of 

ifi(M,C*) ^iJ^(M, Za) ^Hom (ill (M,Z),Z2) ^ Horn (7ri(M),Z2). (5.6) 

The nontrivial elements of Hom {-k\{M), Z2) are in bijective correspondence with the subgroups of 7ri(M) of 
index two, which are, in turn, in bijective correspondence with the isomorphism classes of two-fold covering 

spaces of M. 

If the curvature conditions of 3.1 pertain, the open coverings of the Walker geometry define tt e 

H^{M, C*) and the parallel open coverings define p G H^{M, R*); the latter group is isomorphic to H^{M, Z2) 
precisely when H^^{M) vanishes. From (5.4), tt = i*(/3) = {p* oj*){P) = P*{p), for a unique /3 G H^{M, S"), 
whence p — j*{(3) G kerp*. If tt = 0, then (3 = and p G kerp* but is not necessarily zero, i.e., [tt"* ] may have 
a global lifting but not a parallel global lifting, even when the conditions of 3.1 pertain. If _ffpj^(M) = 0, 
however, then j*, whence p*, are isomorphisms, p = j*(/3), p*{p) = tt, and tt = iff /? = iff p = 0. 

Remarks. The isomorphisms in (5.6) and thereafter are standard interpretations of H^{M, Z2) following, 
in the first instance, from the Universal Coefficient Theorem. 

When the curvature conditions of 3.1 pertain, one can construct a parallel open covering using a simple 
covering in the sense of [16], pp. 167-168. The cohomology of M is then given by the Cech cohomology 
with respect to this covering. Let {fij} be the 1-cocycle obtained from the parallel open covering, which 
has coefficients in R* C C* , i.e., it represents both p and tt. Now \fij\ defines a 1-cocycle with coefficients in 
C+. As H^{M,C~^) = 0, then \fij\ = hj/hi, for some 0-cochain {hi} with coefficients in C+. But {fij/\fij\} 
is also a 1-cocyclc with coefficients in S° C C*, whence {fij} is cohomologous to {fij/\fij\} = {fijhj/hi} as 
1-cocycles with coefficients in C* and {fij/\fij\} represents /3. If tt = 0, then fij = fj/fi, for some 0-cochain 
{fj} with coefficients in C*. Then \fij\ = \fj\/\fi\ and fij/\fij\ = {fj/\fj\){fi/\fi\)~'^, i-e., (3 is trivial. But 
{fij} may not be a coboundary with coefficients in R*. Now \fij\ also defines a 1-cocycle with coefficients in 
R+, so if H^^{M) = if^(M, R+) = 0, then \ fij\ = gj/gi, where {gi} is a 0-cochain with coefficients in R+. 
Now {fij} is cohomologous to {fij/\fij\} = {fij9j/9i} as 1-cocycles with coefficients in R*, i.e., j*(/3) = p. 
Now TT = iff /? = iff p = 0. 

Finally, if {fij} is the 1-cocyclc defined by an open covering of the Walker geometry, so wf = fijT^f , then 
Ej := e^^nf' Tcf = {fij^e^^nf nf =: {fij)'^T,j. Now (/ij)^ is a smooth, positive function, which indicates 



re 



V must be oricntable. Indeed, (/y)^/(|/y |)^ is a one-cocycle with coefficients in S° which evcrywlic 
takes the trivial value and thus belongs to the trivial cohomology class. In other words, {{fij/\fij\)^} must 
represent the first Stiefel- Whitney class of V viewed as a bundle. We thus see that V must be orientable 
merely because we have assumed the existence of a global spinor bundle, since this fact allows one to 
compare LSRs on overlaps and deduce that the EjS are positive multiples of each other. On the other hand, 
the cohomology class tt = {fij/\ fij \ } need not be trivial, so orientability of V is merely a necessary condition 
of the context in which the question of global lifts arises. 
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Appendix One: Local Geometry with Respect to 
Walker Coordinates 

In this appendix we record, for ease of reference in this and other papers, local coordinate expressions 
for standard geometric objects. We also specify our choice of conventions and in this sense standardize the 
coordinate expressions. 

We employ the abstract index notation of [28]; italic indices will be 'abstract', i.e., serve to denote the 
tensor space to which the object they are attached to belongs, while bold Roman indices are 'concrete', 
i.e., they take numerical values and typically serve to label components of geometric objects with respect to 
some basis or the elements of a basis themselves. We also employ the standard summation convention for 
concrete indices when convenient; while repeated abstract indices in a formula, one as superscript and one 
as subscript, indicates the standard pairing between a linear space and its dual. 

For exterior algebras, of the two conventions commonly found in the literature, we employ those of [40] 
(and many other texts such as [36]). This choice simplifies the expression for volume forms and elements. 
We shall, however, retain the definition of symmetrization and skew symmctrization, denoted by round and 
square brackets respectively, of abstract and concrete indices employed in [28] . Thus, if Va and Wb are two 
vectors, then 

Aw^ = v°- (^w^ -w" (^v^ = 2t;[«u;''l . (Al.l) 

Given a real linear space V equipped with a scalar product g (of arbitrary signature), the induced scalar 
product on the exterior algebra A''(V) of p- vectors is given by 

{U,W) := ^U'''-''''W'>^-'"'ga,b,...9apbp, (A1.2) 

where [/"i - '^p and W^^^^^^p denote the multivectors U and W as tensors. The scalar product gab induces an 
identification of V with its linear dual V, by u h-» g[v, ), which we shall call the correlation : V V, with 
inverse ^^"^ : V, ^ V. These identifications extend to arbitrary tensor spaces and are conveniently represented 
by index lowering and raising via gab and g"''' using abstract indices, where g"'^ is the scalar product induced 
on V, in the standard way. The induced scalar product on the exterior algebra Ap(V,) is given by a 
formula analogous to (A1.2) with forms replacing multivectors and replacing gat- The definition (A1.2) 
ensures that if {vi, . . . , u„} is a pseudo-orthonormal (\1/-0N) basis for V then the multivectors Vi^ A . . . AVi^, 
ii < ■■■ <ip, form a *-0N basis for Ap{V). 

Now suppose g is of signature (r, s), r + ,s = n, that V is oriented, and that {vi, . . . , Vn} is an oriented 
*-0N basis with dual basis {</)^, . . . , 0"}. Putting i^^ := ^g{vj), then i^^ = ejcj)^ , where ej = ± according 
as j < r or j > r. The orientation class [vi,. . . , Vn] can also be represented by the equivalence class of 
A . . . A ii„ in A"(V)/R"'" or, equivalently, by the equivalence class oi (f)^ A . . . A (j>" in A"(V,)/R"'" (as those 
n-forms which are positive when evaluated on oriented bases). The n-fold wedge product of the elements 
of any oriented ^'-ON basis yield one and the same n- vector in A"(V). This element we call the volume 
element of {V,g) and represent as a tensor by Similarly, the dual bases of oriented ^t-ON bases all 

generate the same n-form (p^ A ... A (j)^, which we call the volume form of (V,g) and denote by eai...e„ as a 
tensor. Note that 

Ki...a„ := 9a,b, . ■■ganbnV^'-'''' = U^i A . . . A i)„) = z/^ A . . . A J/" = {-iyea,...an- (A1.3) 
The Hodge star operator is defined in the usual way on A^'(V.) by 

*a := ^ei,...i^aj,...j^g'^^^ . ..g'"^", (A1.4) 
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where aai...ap denotes the p-form q: as a tensor. The well known formula q A */3 = (a, /3)(5ai...a„ pertains, 
where (a,/3) is the induced scalar product on A*'(V,). Similarly, one defines the Hodge star operator on 
Af (V) by 

*[/ := il/^-^-f/^-^^Mii • • - Si,,,, (A1.5)) 
and U A *W = {U, - These two Hodge star operators are related as follows: 

4(*C/) = (-l)^*^,(C/). (A1.6) 

When the context is clear, we may write either A^'(V) or Ap(V,) simply as A^. In the four-dimensional case, 
Aj. will denote the subspaces of self dual(SD) /anti-self dual (ASD) multivcctors or forms. 

Now let {M,g,'D) be a Walker four- manifold. We typically denote a set of Walker coordinates by 
(«, V, X, y), but it is preferable to write coordinate expressions for geometrical objects in a form independent 
of the choice of letters used; to this end the Walker coordinates will be designated by the numerals 1, 2, 3, 4 
respectively, when convenient; in particular, di := 9„, 82 ■= dy, 83 := dx, and 84 := 8y. The canonical form 
of the metric is given in (1.1) and (1.7). 



Al.l The Christoffel Symbols 

The Christoffel symbols in a Walker coordinate system are: 



r'n — ^12 — ^22 — 



r; 



13 



f iai, i = 1; 
i = 2; 



2C2, 
0, 

' i(aai + ca2 + 03), 



2C1, 

, 0, otherwise; 
f ia2, i = 1; 

i = 2; 

otherwise; 



■L q 



33 



1; 



i(2c3 + cai + 6a2 - 04), i = 2; 

i = 3; 



-^oi. 



'2 "2) 



14 



24 



34 



f 1 

2 


ci, i=l; 






bi, i = 2; 




. 


otherwise; 




/- 1 

2 


C2, i = 1; 




< h 


&2, i = 2; 




. 


otherwise; 






' i(a4 + aci + CC2), 


i = 1 


= < 


i(63-|-CCi -I-6C2), 


i = 2 




-|ci. 


i = 3 






i = 4 



i(2c4 + abi + cb2 - 63), 


i=l; 


5(64 + 061 + 662), 


i = 2 




i = 3; 




i = 4. 



A1.2 The Geodesic Equations 

With X'^ = {u, V, X, y), the Lagrangian is 

C := (l/2)5ab™'' = ux + vy+ ^{xf + ^{yf + cxy, 
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which is invariant under the interchange 



u V X f-^ y a b. (A1.7) 

Note that this interchange constitutes a fundamental symmetry of Walker coordinates which all Walker 
coordinate expressions must manifest. The Euler equations are: 

. _ ^(^)2 _ ^{yf _ c^xy = 

dC\ dC 

— - — = u + Uuux + ttyvx + Cuuy + Cyvy 
ox I ox 





dC 


dii J 


du 


dc\ 


dL 


dv 


dv 



+ ^(aa„ + ca„ + a^)(i;)^ + + c6„ - 6x + '^Cy){yf + [ay + ac„ + cc^)xy = 

(dC\ dC 

+ |(ca„ + hay + - ay){xf + ^(c6„ + 66^ + hy){yf + (b^ + cCu + bcy)xy = 0, 



2V — u ' — 'y I — X ""yi\-"l • 2 

from which in fact the Christoffel symbols may be directly read off. The geodesic equations were previously 
published in [13]. 

In particular, putting x = constant, y = constant reduces these four equations to the pair 

u = v = 0, 

i.e., 

(m, V, x, y) — {as + /?, 7s + S, ^, u), 

for any constants a, /?, 7, 5, ji and is a null geodesic lying in the integral surface of T) through (/?, 5, /x, v). 
As the ratio a/7 varies, one obtains a one-parameter family of null geodesies lying in, and sweeping out, this 
a-surfacc. 

Writing Vi := Vsi, and noting that of course Vi9j = TyC^k = Vj9i, one computes the covariant 
derivatives of the coordinate basis: 

Vi9i Vz^a = Va^i = = Vi^a 

^3^3 = ^(03 + ca2 + aa-C)di + ^(2c3 - 04 + ba2 + cai)d2 - ^{aid^, + 02^4) 

V494 = \{abi + cb2 - &3 + 2c4)di + + cbi + bb2)d2 - ^{bids + 62^4) 

V293 = ^(02^1 + C292) = V3a2 V294 = ^{c2di + 62^2) = V492 

V394 = ^(014 + aci + cc2)di + ^(63 + cci + 6c2)92 - ^{cid^ + 0284) = V493- 

One confirms that D = (9u,5^)r is indeed parallel. If 9„ and dy are actually parallel, then a, b c 
depend only on x and y. In fact. Walker [42], [44] asserted that in this case, one can actually choose the 
coordinates {u, v, x, y) so that a = c = and 6 is a function of a; & y only. 
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(A1.8) 



A1.3 Riemann Curvature 

We use the curvature conventions of [27], which for the Riemann curvature are 

R{X,Y)Z = W^x,y]Z-[Wx,^y]Z (A1.9) 
iJijki := i?(Xi,Xj,Xk,Xi) := g (i?(Xk, X;) (ALIO) 

agreeing with those for the Riemann curvature in [28]. The coordinate expression for iJ'jki is then: 



pi pi 1 pm pi pm pi 

jkl — ^ kj,l ^ lj,k 1 kj i im ^ Ij ^ km- 



(Al.ll) 



Direct computation yields: 



R'il2 = 



'-ioii, i=l; 
^'ii3 = i -5C11, i = 2; 

. 0, otherwise; 

-^{aau +cai2), 



' -5O12, i = l; 

^'213 = I -5C12, i = 2; 

. 0, otherwise; 

i = 1; 
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-3(2013 + 2caii + 26ai2 - 2ai4 + 6102 - C1C2), i = 2; 

i = 3; 

\ai2, i = 4; 



2'2ll) 



-R'413 = < 



4(2ci3 - ai4 - acu - 2cci2 + 0261 - C1C2), i = 1; 



i(ccii +6C12), 



2 

-5C12, 




-R'314 = < 



-R'214 = < 



= 2; 
= 3; 
= 4; 

f -5C12, i=l; 
i&i2, i = 2 



' -5(0011 + CC12), 
i (2ci4 - 26i3 - 2ccii - 26ci2 + ai6i - 61C2 + 62C1 - (ci)^) , 



4 

|cii, 

|C12, 



otherwise; 

= 1; 

= 2; 
= 3; 
= 4; 
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i?'414 = < 



' -i (2ci4 + 2abn + 2c6i2 - 2613 + aih + 62C1 - 61C2 - (ci)^) , i = 1; 
-i(c6ii +6612), i = 2; 

i = 3 
i = 4: 



-R'123 = < 



-iai2, i — 1; 
■ici2, i = 2; 



otherwise; 



-5022, i — 1; 

-5C22, i = 2; 
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■R'223 = S 

otherwise; 

-i(aai2 + 0022), i = 1; 

-3 (2c23 + 2cai2 + 26a22 - 2a24 + aiC2 + a2&2 - a2Ci - (02)^) , i = 2; 



)ai2, 



, 2^22, 



1 = 3; 



1 = 4; 



R\ 



' J (2c23 - 2a24 - 2acii - 2cc22 - a2Ci + aiC2 + 02^2 - (c2)^) , i = 1; 

-\{CC12 + &C22), 



423 



124 



^Ci2, 
5C22, 



-2^12, 1 = 1; 
-\hi2, 1 = 2; 
0, otherwise; 
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1 = 2; 
1 = 3; 
1 = 4; 

-5C22, 1=1; 
-R'224 = { -5622, 1 = 2; 

k 0, otherwise; 

1 = 1; 

3(2c24 - 2632 - 2cci2 - 26c22 + a2&i - C1C2), 1 = 2; 

1 = 3; 
1 = 4; 



' -5(0012 +CC22) 



|ci2 



5C22 



' -\{2c2i + 2o6i2 + 2c622 - 2623 + a2&i - C1C2), 1 = 1 



424 



i(c6i2 + 6&22), 



5&12, 
■5^22, 



1 = 2 
1 = 3 
1 = 4 
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134 



^^'234 = < 



-R'334 = < 
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(2ai4 - 2ci3 + C1C2 - 0261), i = 1; 

i (2ci4 - 26i3 + aih + 62C1 - hc2 - (ci)2) , i = 2; 
1. 0, otherwise; 

' J (2a24 - 2c23 + 02C1 - aiC2 - 62C2 + (02)^) , i = 1; 
i(2c24 - 2623 + a2bi - C1C2), i = 2; 

0, otherwise; 

' i (2oai4 + 2ca24 - 2aci3 - 2cc23 + ca2Ci + ac^c^ - caiC2 - 00261 - 00262 + c(c2)^) 

i (2c34 + aiC4 - 63C2 + 62C3 - a4Ci + cau + 6024 - CC13 - 6C23 - 044 - 633) 
+3 (0264 + 0361 - 0462 - 0163 + aai6i + 00162 - CC1C2 + 6a2Ci - 6aiC2 - a(ci)^) , 

-3(2014 - 2ci3 - 0261 + C1C2), 

_ -i (2a24 - 2c23 - aiC2 + a2Ci - 0262 + (02)^) , 

' -| (2c34 + aiC4 - a4Ci + 62C3 - 63C2 - aci4 - CC24 + 0613 + 0623 - 0144 - 633) 
-J (0361 - 0163 + 0264 - 0462 - CC1C2 + a6iC2 + CO162 + 60262 - 00162 - 6(c2)^) , 
-J (26623 + 2c6i3 - 26c24 - 2cci4 + C61C2 + 6ciC2 - C62C1 - 661 02 - c6iai + c(ci)^) 
I (26i3 - 2ci4 + 61C2 - 62C1 - 0161 + (ci)2) , 

. 3(2623 - 2C24 - O261 + C1C2), 



i=l; 
i = 2; 

i = 3; 

1 = 4; 

1=1; 

1 = 2; 
1 = 3; 
1 = 4. 



A1.4 Fully CovEirlant Rlemann Curvature 

Straightforward computation from A1.3 yields: 



^12jk — 

-R1313 = 2^11 -R1314 = 2^11 -R1323 = 2^12 -R1324 = 2^12 

-R1334 = -;^(2oi4 - 2ci3 - 0261 + C1C2) 

-Rl414 =2^11 -^1423 = 2^12 -Rl424 = 2^12 



-R1434 = ^ (2613 - 2C14 - O161 + 61 C2 - 62C1 + (Ci)^) 



^^2323 = 2^22 ^^2324 = 2^22 
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-R2334 = - ^ (2a24 - 2C23 - a2?>2 + a2Ci - aiC2 + (C2)^) 



-R2424 = 2^22 



-R2434 = ^(2623 - 2c24 -a2h+ C1C2) 



-R3434 = — 2 (2c34 + aiC4 — a4Ci + 62C3 — 63C2 — cciC2 — 044 — bsa) 

— - (0361 — 0163 + 0264 — a4^2 + aaibi + 60262 + 00162 + 00261 — a(ci)^ — 6(02)^) 



A1.5 The Ricci Tensor 

The definition of the Ricci tensor in [27] is: 



P DC p C pC pC 

^ab • — 00c — ^acb — ^ach — ^ o,hc 



(A1.12) 



The Ricci curvature is defined in [28] as the negative of (A1.12) so we must modiiy the equations [28] (4. 6.20- 
23) and [28] (4.6.25) by removing a minus sign so as to preserve the definitions of ^aba'B' and A, see 
Appendix Two. 



i?ii =0 



i?12 =0 



-R13 = ^(flii +C12) 



i?14 = ^(612 + Cii) 



ii22 =0 



-R23 = 2 ('^12 + C22) 



-R24 = 2(^22 + C12) 



-R33 = 2 (2cai2 - 2024 + 2c23 + aaii + 6022 + 0262 + aiC2 - 02C1 - (02)^) 

-R34 = ^(2CC12 + OCii + 6C22 + ai4 + 623 - Ci3 - C24 - O261 + C1C2) 

i?44 = ^ (2ci4 - 26i3 + 2c6i2 + 0611 + 6622 + ai6i + 62C1 - 61 C2 - (ci)^) 



A1.6 The Scalar Curvature 



A 1.7 The Ricci Endomorphism 



5 = On + 622 + 2ci2. 



'^(aii+ci2), 1=1; 
R\ = I 5(612 + 011), 1 = 2; 

. 0, otherwise; 



''5(012 + 022), i = l; 



5(622 + 012), 1 = 2; 
^. 0, otherwise; 
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5 (2c23 - 2a24 + ba22 + ca\2 — aci2 - CC22 + a2&2 + aiC2 - a^ci — 


{C2?) =■■ C, 


i = 1 


\{ac\i + CC12 - can - ba\2 + ai4 + 623 - cis - C24 - 02^1 + C1C2) 


=: T], 


i = 2 


i(aii + C12), 




i = 3 


5(012 + C22), 




i = 4 


5(&C22 + CC12 - a6i2 - C622 + au + &23 - CIS - C24 - a2b\ + C1C2) 


=■ E 


i=l; 


\ (2ci4 — 26i3 + a^ii + c6i2 — ccn — 6ci2 + ai6i + 62C1 — 61C2 — ( 




i = 2; 


5(^12 + C11), 




i = 3; 


5(^22 + C12), 




i = 4; 



4^ 



an - &22 



A1.8 The Einstein Endomorphism 

The diagonal elements of := R°'b - {S/4)d°'b are: 

rril TTlS J7l2 TTI' 

£/ ;^ -i-^ 3 — ^ 2 — 

The off-diagonal elements are as in A1.6. Putting 

an - 622 612 + cii ai2 + C22 

" '■= : M := 7: ^ '■= 7: 

4 2 2 

one computes 

E{di) = edi + nd2 

E{d2) = udi - 082 

E{d:i) = Cdi+7jd2 + ed3 + i^di 

E{di)^ Edi + Td2 + fids - Odi 

where E and T are defined in A1.7. A1.4 was reported by Ghanam & Thompson [13], though with a 
typographical error. Matsushita [23] reported Al.14-6 and the covariant form of the Einstein endomorphism. 
Chaichi et al. [5] computed curvature properties under the perhaps ad hoc assumption c = 0. Diaz- Ramos 
et al. [8] also reported Al.4-6. Generally, these authors employed distinct curvature conventions to us; we 
have been motivated by choices which maintain a close correspondence with the conventions of [28] so as to 
facilitate the employment of spinors. 



A1.9 Conformal Curvature 

With the conventions of [27], the Weyl conformal curvature is given by: 

S 1 

Rabcd = Cabcd — -^{gadgbc — gacQbd) + -^{gadRbc — gacRbd + gbcRad — gbdRac) 

S 1 
= Cabcd + Y^(5adS'6c — 9ac9bd) + -j{gadEbc — 9acEbd + 9bcEad — 9bdEac), (A1.13) 

and the Weyl curvature components are: 

Ci2jk = for (j,k)^(3,4); <^1234 = ^ 
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Ci3i3 = ^(ctii — ci2 + 622) C'lau = -{cn — 612) C1323 = 7(112 — C22) C1324 = -^012 
D 4 4 z 

C1334 = -^(3ai4 - 3ci3 - 5cci2 - 36c22 + 3c24 - 3623 - can + 3abi2 + 20622) 

Cl414 = 2^11 (^1423 = ~12^'^^^ ~ ^^^'^ ^^^^ C'i424 = ^(^12 — Cn) 

^^1434 = ^(^'^ii + + 3c6i2 + 6622 - 6ci2 - 3ccii) 

(^2323 = 2*^22 (^2324 = — ^(ai2 — C22) 

C2334 = - Y^(aaii + 3cai2 + 36a22 - 3cc22 - aci2 + 0622) 
C2424 = ~ ^^12 + ^22) 

C2434 = ^(2caii + 36ai2 - 3ai4 + 3623 - C622 - 3c24 - 3acii - 5cci2 + 3ci3) 

C3434 = ^(36aiC2 + 3c6ia2 + 66cai2 + 6aaii — 3cai62 — 4a6ci2 — Scacn — 36cia2 + 06622 
+ 6ac6i2 — 6c6c22 + 3aci62 + 3o^6ii + 60104 — 3a6iC2 — 6aiC4 + 30163 + 6C263 

— 30264 — 36103 — 662C3 + 36204 — 12C34 + 6044 + 6633 + 60C14 — 60613 — 8c^Ci2 

- 6coi4 + 6cci3 + 6cc24 - 60623 + 36^022 - 66024 + 66c23 + 2c^oii + 20^622) 



Al.lO The Curvature Endomorphism 

Define the cmvatme endomorphism of the space A'^{TpM) of bivectors as the tensor contraction: 

n{F) := ^R'^^dF''' = \c''\iF'"' + ^F'^" + \{E\F'>'' - E\F'"'), (A1.14) 

where the second expression follows from (A1.13). If R°'^cd has components ii'jki with respect to a frame 
{ei, . . . , 64}, then has matrix (iJ'^ki) with respect to the induced basis { e? A Cj : i < j } for A^(TpM). 
The trace of this endomorphism is 

tr(7e) = ^ RS = \Y, RS = |. (A1.15) 

This definition ensures that TZ is the identity on S^. 

A^(Tj,M) equipped with the induced scalar product is isomorphic to R^'"* and the Hodge star operator 
* induces, via its eigenspaces, the orthogonal decomposition = A^ ® A^, under which 

with TZ self adjoint. W"*" and W~ are induced by the self-dual and anti-self-dual parts of the Weyl conformal 
tensor respectively and, with A\{TpM) = A'^{TpM) = R^'^, W+ and W~ are self adjoint with respect to 
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the induced scalar products, while Z is induced by the Einstein endomorphism and *Z is the adjoint 
of Z e Hom(A2 ,A2_). 

To compute the curvature endomorphism, one requires a basis of compatible with the decomposition 
A^ ~ A^ © A?_. If {61,62,63,64} is an oriented ^f-ON frame, then the following is a ^f-ON frame of 
A^ = A^ © A?_: 

_,_ _ 61 A 62 + 63 A 64 __ 61 A 62 - 63 A 64 

+ _ 61 A 63 + 62 A 64 _ _ 61 A 63 - 62 A 64 

S2 ■- ^= :- — (A1.17) 

_,_ _ 61 A 64 — 62 A 63 __ 61 A 64 + 62 A 63 

71 71 ■ 

A simple choice of ^f-ON frame constructed from Walker coordinates (u, v, x, y) is provided by 

61 := - a)9i + ^3 63 := --^(1 + 0)91 +^3 

62 := -c9i + -(1 - 6)92 + di 64 := -cdi - -(1 + 6)92 + 94. 

The matrix relating these frames has determinant one so [61,62,63,64] = [9i, 92, 93, 94], i.e., {61,62,63,64} 
is a ^-ON frame with the canonical orientation (see §1) and thus suitable for employment in (A1.17). 

If one takes the Walker coordinates {v,u,y,x) derived from the symmetry (A1.7), the ^f-ON frame 
obtained from them via (A1.18) also possesses the canonical orientation but opposite SO+-orientation (i.e., 
opposite 'time' and 'space' orientations). 

With the choice (A1.18), one obtains 

s+ = li^9i A92 + 2c9i A93 - o9i A 94 + 692 A 93 + 2 93 A 94, 

= c9iA92 + 9iA93 + 92 A94, (A1.19) 
I 06 — 1 



and 



■ 9i A 92 + 2e9i A 93 - a9i A 94 + 6 92 A 93 + 2 93 A 84, 



Si = ^1 A 92 + 9i A 94 - 92 A 93, 



s- = -6 9i A 92 + 9i A 93 - 92 A 94, (A1.20) 
S3 = 9i A 92 + 9i A 94 + 92 A 93. 

The matrix representations of the Weyl curvature endomorphisms have been reported in [8] and [10] . Putting 

V := ail + 622 - 4ei2 Q := 022 + 611 T := ai2 - C22 

X := 612 - cii y := 022 - 611 (A1.21) 

then the matrix representation of W" is 

, /-{V + 3Q) 3{T + X) 3y \ 
-W:=-— [ -3{T + X) 2V 3{T - X) . (A1.22) 
^2 \ -33^ 3{T-X) -{V-3Q)j 

With 

A = 6a6i3 - 66c23 - 1 2^613 - I2633 + I2C34 

— 6aci4 + 66024 + 12cai4 + I2C34 — 12a44 

— 3o(— 6ci2 — 2C261 + a6ii) — 36(6a22 — 2a2Ci - 0612) - 6c(6ai2 + 0162 + 0261 — acu) 
+ 6(-6c23 - C263 + 0361 + 0613) + 6(6a24 + 0264 ~ 0461 - 0614) 

+ [—606162 + 6accii — 66c2ai — 66cai2 + 12cai62 — 12c^aii + I262C3 — 12cci3 + 12aiC4 + 12cai4] 

— 60461 - 60462 - 60163 - 663C2 - Oil - 622 - 2ci2, (A1.23) 
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where wc note that for use in 3.7 the right-hand side is expressed intentionally in a redinidant form in that 
we have not grouped all like terms together, in particular the second term in the third bracketed quantity of 
the third line (—600162) cancels half of the fifth term in the fifth line (1200162) to yield the term 6CO162, and 

B := 2(ai4 - 623 - C13 + C24) - 2caii - 6ai2 + 0612 + acn - 6022 - 2cci2, (A1.24) 

the matrix representation of W"*" is 

SB A + S \ 

25 -3B . (A1.25) 
-W -{A + 2S)J 

One computes 

det(>V+ - AI3) = (5/6 + A)(A - S/I2f, (A1.26) 




whence the eigenvalues of yV+ are 

_S ^ ^ 
6' 12' 12' 



(A1.27) 



Diaz-Ramos et al. [8] showed that >V+ possesses only certain possible Jordan canonical forms, see 2.6, indi- 
cating that generic four-dimensional Walker geometry manifests certain self duality properties, as explained 
by our spinor analysis of Walker geometry. 

The Einstein endomorphism (i.e., traceless Ricci tensor) determines 



£{F) = ^{E^-cF^" - E'^cF"") = -^{E'^cF'"'' - E^^F""). (A1.29) 

£{X A F) = ~{X A E{Y) + E{X) A Y). (A1.30) 

Using A1.8 and (A1.30), Davidov & Muskarov [10] computed the matrix representation of Z with respect 
to the bases (Al. 19-20): 



Prom (A1.14) 
In particular. 



J / T + C + c{iy-n) r] + E-20c T - ( - c{iy + n) 

fi-iy 29 fi + v I , (A1.31) 

^{T + C + c{,y-^i)) -{rj + E~2ec) -{T - ( - c{u + ^i)) 



2 



which completes the description of the curvature endomorphism. 

Both Diaz-Ramos et al. [8] and Davidov & Muskarov [10] used these results to characterize the vanishing 
of the ASD Weyl curvature of a four-dimensional Walker geometry; the latter authors also obtained charac- 
terizations of some other curvature conditions while the former authors studied the Osserman condition on 
the Jacobi operator. 



Appendix Two: Spinors for Four- Dimensional Neutral Metrics 

The two-component spinor formalism for R^'^ is more directly analogous to that for equipped with 
the standard C-bilinear scalar product than that for R^'^. That said, it is mostly straightforward to adapt 
the results in [28] to the context of neutral signature, though one must be aware of a few features peculiar 
to neutral geometry. 

The two-component spinor formalism is based on an isomorphism, via Clifford algebras, of R^ with 
5 (g) 5', where 5 = 5' = R^, but S and S' are independent spaces. Each of S and S' is more appropriately 
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viewed as isomorphic to the symplectic plane Rgp, with symplectic forms e and e'. Objects constructed 
from the tensor algebra of S' are indicated by abstract indices bearing a prime, in which case primes on the 
symbol denoting the object itself are dropped, whence ca'B' for e'. The actual isomorphism of interest is 
then R^'^ = (R"*, rj) ^ {S (E) S", e ® e'). Sec [19] for a brief sketch of this isomorphism and some basic spinor 
algebra and geometry. In particular, the isomorphism R^'^ = S (E) S' may be taken to be 

whence s{v,v) = 2 det (^w^^'j; in particular, v is null iff (v^^'^ is singular, equivalently v^^ is decompos- 
able as an element of 5 (g) S". 

When employing results from [28], the main fact to bear in mind is that there is no natural identification 
between S and S' (which for neutral signature are real linear spaces whereas in the case of Lorentz signature 
they are complex conjugate (linear) spaces of each other). In this appendix we will merely record a few 
results which we require in the main body of the paper. 

For R2'2, (A1.3) indicates that Vatcd = Sabcd and, by (A1.6) ^g{*U) = *Cg{U) for any multivcctor U, 
i.e., the Hodge star operators on multivectors and forms coincide under the identification of multivectors 
and forms via the metric. The volume form of the standard orientation of R^'^ is 

eabcd = ^AC^BD^A'D'^B'C — ^AD^BC^A'C'^B' D' ■ (A2.2) 

Representing an element of (R^'^) as a skew tensor F"-^, the decomposition into SD and ASD summands 
is 

pab ^ ^AB^A'B' ^ ^AB^A'B'^ ^^2.3) 

where V^'-^' & S' Q S' and G 5 © S. Note that *2 = i. 

The spinorial representation of the curvature may be obtained exactly as in [28], §4.6, the only difference 
being that all curvature spinors arc real objects whence the SD and ASD Weyl spinors arc independent 
objects: cab^cd'^ A'B'C'D' is the spinorial representation of the SD Weyl tensor and abcd^A'B'^cd' that 
of the ASD Weyl curvature tensor. The fully covariant Riemann tensor is given by 

Rabcd — ^AB^CD^ A'B'C'D' + ABCD^A' B'^C D' 

+ ^ABC'D'^A'B'^CD + ^CDA' B'^AB^C D' (A2.4) 
+ '^J^i^AC^A'C'^BD^B'D' — ^AD^A'D'^BC^B'c) 

where the Weyl spinors ^a'B'CD' and ^ abcd are fully symmetric while the Ricci spinor satisfies ^aba'B' = 

3)(A'B')- 

Because our definition A1.5 of the Ricci tensor is the negative of that employed in [28], we obtain: 

Rab = 2<Paba'B' - QAcABeA'B', (A2.5) 

whence 

S = -24A 2$,6 := 2<^abA'B' = Rab - -^gab = Eab, (A2.6) 

where Eab is the fully covariant version of the Einstein endomorphism, i.e., the trace-free Ricci tensor (not 
to be confused with the 'Einstein tensor' Gab of [28]). 
As in [28], §4.9, 

Aab := 2V[aV6] = CA'B' DaB + ^AB Ua'B', (A2.7) 

where 

□as := Vx'(aVs)"^ Da's' := Vx(a' Vb')'^. (A2.8) 
The spinor Ricci identities for arbitrary spinors ka and ta' are: 

OabKc = '^ABCEH^ — Ml^A^BC + ^AC^b) DabTC = ^ABC'E'T^ 

Da'B'TC = ^A'B'C'E'T^ — A{tA'£B'C' + ^A'C'TB') Da'B'^c = ^A'B'CEK^ 
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^(AB)(A' 



(A2.9) 



The Bianchi equation may be written, see [28], §4.10, 

Vjji'^ABCD — V(^$(7D)A'B' ^A'B'C'D' — '^^B'^C D')AB 



(A2.10) 

CDA'B' ~ ~«5 V£)B' * 
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